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РАЗПРОСТРАНЕНИЕ НА МАЛКИ С НАПРЕЧНА СКОРОСТ ПУЛСАЦИИ В 

РАВНИНЕН ВИСКОЗЕН ПОТОК 

 

Румен Янков 

 

 

PROPAGATION OF SMALL TRANSVERSE VELOCITY PULSATIONS  

IN PLANE VISCOUS FLOW 

 

Rumen Yankov 
 

ABSTRACT: Based on the Navier-Stokes equations, an approximate mathematical model was created for the 

propagation of small harmonic speed pulsations across the streamlines in a planar viscous flow. Quantitative 

limits are specified for the magnitude of the module, according to which the velocity ripples are considered to be 

"small". The analytical solution of the mathematical model is presented. An analysis of the obtained dependencies 

was made and the limitations from a hydrodynamic point of view for their validity were justified. 

Key words: turbulence, stabilized flow, viscous fluid, harmonic pulsations 

 

1. Statement of the task. Solving such 

problems is directly related to the modeling of 

moderately turbulent fluid flows. 

The parameters of the harmonic ripples 

(module and frequency) are limited by different 

conditions, depending on the problem being 

solved. For example, in the proposed work the 

constraint is represented by the inequality: 

𝑣0
2

𝜔. 𝜐
≪ 1 

(1) 

Here: 𝑣0 and 𝜔 are the modulus and frequency 

of the speed ripple; 𝜐-kinematic coefficient of 

viscosity of the fluid. 

When modeling turbulence in two-phase 

flows, constraints are related to the size  (𝑑𝑝) of 

the dispersed phase through the relationships [1]: 
𝑉𝑝. 𝑑𝑝

𝜐
≪ 1;  𝑑𝑝

2. 𝜔 ≪ 1;  

 𝑑𝑝. 𝜔 = 𝑣0;   𝜔 ≤ 0,08.
𝑈

𝑑𝑝
 

(2) 

Here: 𝑑𝑝-diameter of the solid particle; 𝑈-

velocity of the fluid around the particle; 0.08 is the 

value of the degree of turbulence (𝜀) 

corresponding to the concept of "moderate" 

turbulence. 

At the points of the inlet cross-section in a 

planar stabilized flow of a viscous fluid, 

transverse harmonic velocity pulsations are 

generated, described by the function: 

𝑣 = 𝑣0 cos 𝜔. 𝑡 (3) 

Thus, the velocity field becomes composed of 

two components and is defined as quasi-

stationary. 

The task is to investigate the propagation of 

pulsations in the flow plane after the inlet section. 

For this purpose, the Navier-Stokes equations 

for planar (in the xOy plane) viscous flow are 

used. The components of the velocity field are: 

- along the X axis 

- along the Y axis 

𝑈(𝑥, 𝑦, 𝑡) = 𝑐𝑜𝑛𝑠𝑡. 
𝑣 = 𝐴(𝑥). cos 𝜔. 𝑡 

(4) 

Considering the physics of the process, it is 

assumed that the convective derivatives in the 

equations are in the following ratios: 
𝜕𝑣

𝜕𝑦
≪

𝜕𝑣

𝜕𝑥
;   

𝜕𝑢

𝜕𝑥
≪

𝜕𝑢

𝜕𝑦
, 

respectfully 

 

𝜕2𝑣

𝜕𝑦2
≪

𝜕2𝑣

𝜕𝑥2
;   

𝜕2𝑢

𝜕𝑥2
≪

𝜕2𝑢

𝜕𝑦2
 

 

(5) 

The pressure gradient across the streamlines is 

also assumed to be zero, ie:  
𝜕𝑝

𝜕𝑦
= 0. 

By substituting the velocity components (4) in 

the Navier-Stokes equations, for the velocity 

ripple (𝑣) we obtain: 

𝜕2𝑣

𝜕𝑥2
−

𝑈

𝜐
.
𝜕𝑣

𝜕𝑥
−

1

𝜐
.
𝜕𝑣

𝜕𝑡
= 0 

(6) 
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This linear partial differential equation is 

solved under the following boundary condition: 

𝑣(𝑥 = 0) = 𝑣0 cos 𝜔. 𝑡 (7) 

When the boundary condition is a continuous 

function of time (𝑡), as is the case, no formulation 

of an initial condition is necessary. 

Equation (6) and condition (7) form the 

mathematical model of the propagation of small 

transverse velocity ripples in a planar viscous 

flow. 

 

2. Solution of the task. It is assumed that the 

boundary condition (7) is the real part of the 

complex potential 

𝑣(𝑥 = 0) = 𝑣0. 𝑒𝑖.𝜔.𝑡 = 

= 𝑣0. (cos 𝜔. 𝑡 + 𝑖. sin 𝜔. 𝑡) 

(8) 

In such a case, the solution is sought in the 

form: 

𝑣 = 𝑣0. 𝑒(𝛼.𝑥+𝛽.𝑡) (9) 

where 𝛼 and 𝛽 are currently unknown 

coefficients. 

When substituting (9) into (8), for (𝛽) we get: 

𝛽 = 𝑖. 𝜔 (10) 

By substituting (9) and (10) into (6), for the 

coefficient 𝛼  the equation is obtained 

𝛼2 −
𝑈

𝜐
. 𝛼 − 𝑖.

𝜔

𝜐
= 0 

(11) 

The roots of (11) are complex: 

𝛼1,2 =
𝑈

2. 𝜐
. (1 ± √1 + 𝑖.

4. 𝜔. 𝜐

𝑈2
) = 

=
𝑈

2. 𝜐
. [1 ± 𝑅(cos 𝛩 + 𝑖. sin 𝛩)] 

(12) 

On the right side of the last tie is laid: 

𝑅 = √1 + (
4. 𝜐. 𝜔

𝑈2
)

24

; 

  𝛩 =
1

2
. 𝑎𝑡𝑎𝑛 (

4. 𝜔. 𝜐

𝑈2
) 

(13) 

Substituting (10) and (12) into (9) and, 

assuming only the (-) sign in the exponent, the 

solution to equation (6) can be written as: 

𝑣 = 𝑣0. 𝑒
𝑈.𝑥
2.𝜐

.(1−𝑅.cos 𝛩)
. 

cos (
𝑈. 𝑥

2. 𝜐
. 𝑅. sin 𝛩 − 𝜔. 𝑡) 

(14) 

The last expression is the real part of the 

complex potential of the form (9), which is a 

solution of the differential equation (6). As is 

known, if the sum of the real and imaginary parts 

of the complex potential is a solution of the 

equation, then each of them separately is also a 

solution [3]. Moreover, in the particular case, the 

choice of (14) (the real part) for the sought 

solution is consistent with the type of boundary 

condition of problem (7). 

 

3. Analysis of the results. The resulting 

dependence (14) describes a damped oscillatory 

process that takes place in the conditions of a 

viscous fluid flow. According to (13), the 

quantitative flow parameters and fluid properties 

are grouped in the dimensionless complex (
4.𝜐.𝜔

𝑈2 ). 

It shows that the attenuation along the streamlines 

increases with increasing frequency (𝜔) or 

viscosity (𝜐). Increasing the current speed 

increases the penetration depth of the ripples. 

 

 

Propagation of the transverse velocity ripples 

𝑣 along the current lines in the core, where 𝑈 =
𝑐𝑜𝑛𝑠𝑡., at the moment  𝑡 = 1[𝑠]   for frequencies 

(𝜔): 625, 1000 and 1250 [𝑠−1] and established 

velocity 𝑈 = 0,5 [
𝑚

𝑠
] for all frequencies. 

According to the graphs, at a frequency of 

1000[𝑠−1], a very weak damping of the ripples 𝑣 

along the current lines is observed, and these are 

conditions close to the limit of current resistance. 

At other frequencies, the attenuation is obvious. 

The value of the complex 
4𝜐𝜔

𝑈𝑔
2  for the four 

frequencies changes proportionally to 𝜔. From 

what is shown in the figure, it can be assumed that 

at = 1000[𝑠−1], 𝜐 = 10−5 [
𝑚2

𝑠
]  𝑎𝑛𝑑 𝑈𝑔 =

0,5 [
𝑚

𝑠
] , is the resistance limit for it as well. 

(
4𝜐𝜔

𝑈𝑔
2 )

𝑐𝑟𝑡.

= 0,016 

 
Fig.1. 
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According to the expression in parentheses in 

the exponent, the sign in front of the latter can 

change depending on the values of R and Θ. 

In accordance with the physics of the process, 

the value of the expression in the parentheses must 

satisfy the inequality: 

1 − 𝑅. cos 𝛩 < 0 (15) 

Under this condition, the function (14) 

describes a real, monotonically damping along the 

current lines pulsation process. 

The above expression can be close to or equal 

to zero. This corresponds to a very low viscosity 

or a very high transfer rate. In this case, the 

velocity ripples are carried along the current 

without or with little damping of the amplitude. 

When the exponent has a positive sign, the 

function describes a non-damping oscillatory 

process with an increasing X-axis amplitude. 

According to what has been said, the last two 

cases are unreal. Therefore, the frequency of the 

modular pulsations must be tailored to the specific 

carrier velocity and viscosity in accordance with 

(15). 
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РЕДКИ ПОВРЕДИ ПО ЦИЛИНДРОВИТЕ ГЛАВИ ОТ ДВИГАТЕЛИТЕ С ВЪТРЕШНО 

ГОРЕНЕ 

 

Иван Иванов 

 

RARE DAMAGE TO CYLINDER HEADS FROM INTERNAL COMBUSTION ENGINES 

 

Ivan Ivanov 

 
ABSTRACT: In the present study, rare in-service damage to cylinder heads from internal combustion engines 

is presented. It has been established that they are secondary defects (consequential) due to the occurrence of 

failure in the various mechanisms and systems involved in the operation of the engine. Some of the failures were 

found to be due to improper maintenance, use of inappropriate oils, coolants and consumables, as well as human 

negligence. 

Key words: cylinder heads, service damage 

 

Introduction 

 

In the cylinder head, as a detail, there are many 

elements of various systems involved in the oper-

ation of the engine - cooling system, fuel system, 

lubrication system and others. As a result, its 

structural layout is related to the construction of 

numerous walls, openings, threads, shaped cavi-

ties, in which elements that make up the various 

systems are located independently of each other. 

As a result of their joint work, various damages 

can occur in them, which can lead to an emer-

gency failure of the engine. In earlier studies [1, 

3-7, 10, 11, 13-16, 19,25] the characteristic effects 

in the cylinder heads that appear during their nor-

mal operation over a long period of time have 

been established. Initiation and development of 

cracks, corrosion of the valve seat, change of its 

geometry and deterioration of the contact between 

the valve and the seat, increase in the size of the 

valve guide sleeve and other damages are natural 

during the operation of the engines [13-15]. Low-

cycle and high-cycle fatigue are the cause of the 

initiation and development of numerous cracks, 

which are often observed in the repair of cylinder 

heads [4,5, 8-10, 18-21, 26], which makes it pos-

sible to predict with sufficient confidence the 

place of the defect and the possibilities of restor-

ing the part. And yet, in repair practice, defects are 

found that occur rarely and are difficult to predict.  

The purpose of the present study is to present 

the rare operating damages on the cylinder heads 

and to establish the reasons for their occurrence. 

 

Results and analysis 

 

During long-term operation of the cylinder 

heads, carbon deposits form on the walls that are 

in contact with the combustion process and the in-

coming and outgoing gas flows. Under normal en-

gine operating conditions, they are removed natu-

rally by burning and carrying the particles through 

the exhaust ducts. In many cases, these deposits 

accumulate on the heads and stems of the valves, 

the walls of the ports for the inlet and outlet gases, 

and this makes it difficult to remove heat, which 

is especially dangerous for the intake valves. An 

extremely rare case is presented in fig. 1. In the 

cylinder head shown, the accumulation of carbon 

deposits in the intake valve ports is in such quan-

tities that it has completely blocked the access of 

the incoming air, and the only free space in it is 

for the valve stem. Strongly deteriorated engine 

performance is the reason for disassembling the 

cylinder head in this particular case. 
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Fig.1. Clogged intake valve ports in diesel engine 

cylinder head  

a) general view of the cylinder head; b) place 

of blockage of the intake port; c) carbon deposits 

in the port. 

 

In the many years of the author's practice in the 

repair of cylinder heads, the presented case is only 

the third, and all three are in cylinder heads of die-

sel engines. The reason for their formation can be 

the ingress of oil through the seals of the valve 

guides. On reaching the hot surface of the valve, 

it can stick and burn, forming heavy black carbon 

deposits that gradually builds up over time. The 

longer the engine mileage and the greater the wear 

on the valve guides and seals, the faster black car-

bon deposits build up on the intake valves. 

 In the repair work, it is relatively rare to find 

damage to the cylinder heads, related to defects in 

the fuel system and, more precisely, in the disper-

sal of the fuel in the cylinder. The changes in the 

geometry of the fuel injection holes, described in 

[23], cause the appearance of a concentration of 

the fuel jet and a sharp increase in temperature in 

a small volume, reaching the melting temperature 

of the material from which the cylinder head is 

made - fig . 2. In the presented in fig. 2 case as a 

result of clogging of all but one of the fuel nozzle 

holes, the fuel flame is concentrated in a small 

volume. 

 

 
 

FIg.2. Local melting of a cylinder head from a 

diesel engine 

a) general view of the cylinder head; b) melt-

ing point; 

 

The increase in temperature in this micro-vol-

ume, combined with the gas-dynamic forces of 

engine operation, deterioration of the gasket be-

tween the two cylinders lead to melting of the 

casting and dispersion of the metal in the form of 

fine droplets from the zone. Part of the molten 

droplets crystallizes on the front surface of the pis-

ton, another on the exhaust valves and the chan-

nels for the removal of the exhaust gases. As a re-

sult of the melting, part of the gasket also melts 

and connects the adjacent fuel cylinders, which in-

tensifies the process until the engine stalls. In ear-

lier studies [7,9,10,13,16], an analogous damage 

to the cylinder head, but with indirect injection 

combustion chamber, was presented. During this 

process, there is a deterioration of the cooling in 

the cylinder head and a strong deformation in its 

entire volume. As a result, the mutual position of 

the working surfaces changes to a significant ex-

tent and their restoration is economically unprof-

itable. In this case, the cylinder head is scrapped 

due to the occurrence of a defect in another sys-

tem. These defects are called secondary and cata-

strophic [7, 9,10]. 

One of the main causes of cylinder head dam-

age is human negligence when repairing or oper-

ating internal combustion engines. To reduce re-

pair costs are in the case of fig. 3 basic technolog-

ical operations of restoration are omitted – grind-

ing the front surface of the cylinder head and cyl-

inder block, while at the same time low-quality 

gaskets have been inserted.  

a 

b 

c 

a 

b 
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Fig.3. Gas corrosion of a cylinder head from a 

gasoline engine 

a) general view of the cylinder head; b) place 

of gas corrosion; 

 

During the subsequent operation of the car, the 

gasket breaks in the place of the greatest curvature 

(between the 2nd and 3rd cylinders) after only 250 

km of the car's mileage. In the place of rupture of 

the gasket, intense gas corrosion occurs, com-

bined with a cyclical change of temperature and 

pressure, as well as the direction of gas movement 

- from one cylinder to the other and vice versa de-

pending on the engine stroke. The depth of the 

flawed area is 0.7 mm and is measured relative to 

the surrounding surface unaffected by gas corro-

sion. Deterioration of the seal between the cylin-

der head and the cylinder block causes exhaust 

gases to enter the cooling system, and from there 

the engine overheats. When restoring by grinding 

the front surfaces, the removed layer of metal 

from the cylinder head is 1.34 mm, and from the 

cylinder block - 0.27 mm. 

Another manifestation of human negligence in 

the operation of internal combustion engines is the 

replacement of low-temperature liquid from the 

cooling system with tap water. This procedure is 

dangerous for both the cooling system and the 

body parts – cylinder head and cylinder block. 

The use of water as a coolant leads to the accumu-

lation of scale on the walls of the cooling system, 

hoses and clogging of the radiator. At low temper-

atures there is a risk of freezing of the cooling sys-

tem. Most often, in this case, the cylinder block is 

destroyed, but in the readings of fig. 4 the crack 

develops in the cylinder head. 

 

 
 

FIg.4. An uncharacteristic crack in a cylinder 

head from a gasoline engine 

a) general view of the cylinder head; b,c) gen-

eral view of the crack; 

 

The crack in the cylinder head of fig. 4 is 

formed as a result of freezing of the water used as 

a cooling liquid. As a result of its expansion, its 

volume increases, this is greater than the volume 

of the cooling system. The corrosion that occurs 

around it is a secondary defect from the thawing 

of water and its penetration into the gap "cylinder 

block - gasket - cylinder head", as corrosion oc-

curs in a gap [7,10,15]. 

 Another rare case of human error is the one pre-

sented in fig. 5. 

a 

b 

a 

b 

c 
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Fig.5. Valve destruction from a gas distribu-

tion mechanism and damage to the cylinder head 

from a gasoline engine 

a) general appearance of the cylinder head 

damage; b) partial destruction of the chain gear of 

the camshaft; 

 

The destruction shown is due to prolonged op-

eration of the engine with a worn chain. Increased 

engine noise has not proven to be a sufficient 

symptom for repair and replacement of worn and 

defective parts. As a result of this human error, the 

engine is misaligned and the piston hits a valve, 

breaking off its head and causing additional sec-

ondary impacts to the remaining valves in the cyl-

inder as well as the cylinder head. As a result, the 

engine stalls. Similar symptoms, but with other 

damage to the cylinder head, are presented in Fig. 

6. 

 

 
 

Fig.6. Destroying the guide holes for the hy-

draulic lifters 

 

The ones presented in fig. 6 failures are also 

related to destruction of the camshaft, as subse-

quent repair of the cylinder head was not under-

taken for economic reasons.   

 
 

Fig.7. A crack connecting the openings of the 

cooling and lubrication systems 

 

Many studies have been devoted to the cracks 

on the cylinder heads [1,3-5,7-

11,13,14,16,19,22,25,26]. Cracks are characteris-

tic operational defects that appear in places with 

the greatest thermal load and impaired cooling, as 

well as in stress concentrators. Their appearance 

is predictable and manufacturers take a number of 

constructive measures to increase the operational 

reliability and crack resistance of the cylinder 

heads. And yet there are exploitable cracks, the 

occurrence of which is rare and unpredictable. 

Their emergence and development probably de-

pends on random factors and therefore they are 

observed extremely rarely - fig.7. The crack 

shown in fig. 7 connects the cooling and lubricat-

ing system of the engine. The end result of this 

failure is oil ingress into the antifreeze and deteri-

oration of both engine cooling and lubrication.  

 

Conclusion 

 

From the long-term observations made on cyl-

inder heads of internal combustion engines, the 

following main conclusions can be formulated: 

1. Damage to the cylinder heads can be di-

vided into natural operating defects, which can be 

defined as "characteristic" and rare, difficult to 

predict. 

2. For the most part, rare defects are due to 

human negligence in engine maintenance 

     3. Rare damage to cylinder heads can be 

prevented by timely maintenance and repair, as 

well as replacement of defective parts, before their 

catastrophic wear occurs. 

 

a 

b 
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ОРГАНИЗАЦИЯ, ЕФЕКТИВНОСТ И СЕБЕСТОЙНОСТ НА ТЕХНОЛОГИЧНИЯ 

ПРОЦЕС ПО ВЪЗСТАНОВЯВАНЕ НА ЦИЛИНДРОВИ ГЛАВИ ОТ ДВИГАТЕЛИ С 

ВЪТРЕШНО ГОРЕНЕ 

 

Иван Иванов 

 

ORGANIZATION, EFFICIENCY AND COST OF THE TECHNOLOGICAL PROCESS OF 

RESTORATION OF CYLINDER HEADS FROM INTERNAL COMBUSTION ENGINES 

 

Ivan Ivanov 

 
ABSTRACT: In the present study, the optimal organization and efficiency in the repair of cylinder heads was 

determined. A mathematical rationale for determining normalization of cylinder head recovery time as well as 

total recovery time is proposed. Timing was conducted to determine the actual recovery time. A method for deter-

mining the cost of restored cylinder heads is proposed, based on the optimal organization of technologies and 

machine park used in the repair process. 

Key words: cylinder heads, repair, efficiency and cost 

 

Introduction 

 

The high-quality restoration of cylinder heads 

with minimal loss of funds, labor and material re-

sources requires rational organization of work, at 

the workplace, optimal work and rest regimes, en-

suring the necessary sanitary and hygienic work-

ing conditions, environmental friendliness and 

others. 

Specialized companies for diagnostics and re-

pair of cylinder heads are characterized by the use 

of highly qualified specialists, who are divided 

into two levels - machine and equipment operators 

and engineering and technical personnel. The 

clear division of labor arises from the specifics of 

the work – restoration of parts with the same or 

similar dimensions, performing technological op-

erations for the restoration of identical equipment 

with minimal reconfiguration of the machines, the 

possibility of specialization at the workplace. The 

work of the engineering and technical staff is 

mainly related to the preparation of the technolog-

ical sequence for the restoration of the specific 

cylinder head, the preparation of route and type 

technologies for restoration in the conditions of 

the specialized company, the design of instrumen-

tal and technological equipment for the repair and 

restoration technologies, physical servicing of 

customers. This division of labor does not exclude 

the possibility of the engineering and technical 

staff to be actively involved in the diagnostics, the 

processing of the functional surfaces and the res-

toration of the details. The author's experience has 

shown that such an overflow of engineering and 

technical personnel in the production sphere gives 

positive results, which are associated with correc-

tions of technologies, improvement of tool equip-

ment, improvement of technological modes of 

cutting and unites the work team, and hence im-

provement of labor atmosphere. In the present 

study, the organization, efficiency and cost of the 

repair activity on cylinder heads of internal com-

bustion engines are considered, taking into ac-

count the specifics of the machine-building fleet 

when applying repair technologies. 

 

Organizational forms in the repair of cylin-

der heads 

 

The workplaces are subdivided according to 

technology into locksmith - mechanical; lathe; 

milled; grinding; welding; control-diagnostic; as-

sembly and disassembly; for heat treatment; 

breakthrough; scrapers; detergents. 

The restoration process consists of technologi-

cal operations, and each operation is characterized 

by the immutability of the object of restoration, 

the workplace and the laborer. The workplace is 

organized in accordance with the specifics of 

technological recovery operations and their labor 

intensity. The workplaces are arranged in accord-

ance with the scheme of the technological process 
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and ensure the flow of the process. The work-

places for the execution of operations of the same 

name are concentrated - the presence of a regional 

organizational form with elements of flow. Work-

place planning requires ensuring maximum work 

comfort and safety. Convenience at work is char-

acterized by maximum labor productivity, ab-

sence of unnecessary movements, minimal fa-

tigue of the worker. Any tool or fixture should be 

placed in permanent places, which reduces time 

lost in searching for them. This is directly related 

to workplace culture. 

The productivity of labor at the workplace and 

the high quality of the work performed are en-

sured by its proper organization. The organization 

of service includes: provision of workplaces at 

restoration sites, provision of the worker with 

tools, devices, technical documentation, measur-

ing devices, transportation of the processed parts 

from one operating area to another or storage and 

conservation of the repaired parts or assemblies, 

provision of the serviceability of the work equip-

ment, devices and tools, cleaning the workplace 

and the approaches to it, reporting the work done, 

through inter-operational cards or in an electronic 

system for product traceability. The introduction 

of a certified quality management system accord-

ing to the ISO9001 standard contributes to the im-

provement of the repair organization, the tracking 

of repaired parts, the reduction of errors, the opti-

mization of working time and the rhythm of work, 

and as a final result, the improvement of the qual-

ity of service and repaired cylinder heads. The 

correct organization of the repair production en-

sures the continuity of the work process at one 

workplace, and the specifics of the production it-

self require multi-functionality and high qualifica-

tion of the workers. All this increases production 

indicators, and this improves the psychological 

climate in the company, lowers stress in the work-

place and creates a creative environment. 

 

Standardization of labor in the restoration 

of cylinder heads 

 

The improvement of the organizational pro-

cess of the repair and the optimization of the pric-

ing can be carried out through technical standard-

ization of labor. 

The following basic norms are used in the ra-

tioning of labor in repair production - time and 

earnings. Time is defined as the loss of time for 

individual operations on the restoration of the de-

tails, and earnings - as the number of details 

repaired per unit of time. The production rate is 

inversely proportional to the time rate. 

Computational-analytical, analytical-research, 

experimental-statistical methods and a compari-

son method are used in repair and restoration en-

terprises to determine the repair time. The author's 

experience from the specifics of cylinder head res-

toration work has shown that it is best to use com-

putational-analytical and empirical-statistical 

methods to determine the repair time. Of course, 

this happens under certain conditions - each cyl-

inder head has a different degree of defectiveness, 

which can change the time for carrying out the re-

pair; each surface subject to mechanical pro-

cessing has a different value of curvature, which 

affects the processing time at the same cutting 

speed modes; there are hidden manufacturing de-

fects coming out during machining which in-

creases the processing time and others. 

When determining the time for the restoration 

of cylinder heads using the computational-analyt-

ical method, the processing times are used accord-

ing to the technological modes of the relevant 

equipment. The method is suitable for standardiz-

ing the time for machining, welding, pressure test-

ing (if the relevant technological control equip-

ment is available) [1,3]. This method requires el-

ement-by-element dissection of the technological 

operations of cylinder head restoration. 

The use of the empirical statistical method of 

normalization requires a large number of cylinder 

heads to be rebuilt, installed by the car manufac-

turers on the same units. This method is applicable 

when the aggregate approach is used in the design 

of the cars - the same type of engine is used for 

different car models, the same cylinder head is in-

stalled on engines of different volumes, there is 

partial or complete interchangeability in a series 

of engines from one manufacturer. For example: 

guide bushings original number 056 103 419A are 

installed on Audi, Volkswagen, Volvo, Škoda, 

Seat passenger car engines manufactured from 

1972 to 2010. The replacement technology can be 

standardized as a time based on previous experi-

ence, to unify fixtures and tools with a view to 

speedy work. Such an aggregate approach in pro-

duction reduces and subsequently facilitates re-

pair work on the cylinder head.  

The main part of the technological process is 

the operation that is carried out on the detail of a 

workplace. For proper normalization of the oper-

ation, it is necessary to normalize the transitions, 

passages, grips and their elements. 

The normalization of the recovery time can be 

determined by the following formula: 
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𝑇𝑟 =
𝑇𝑝𝑓

𝑛𝑝

+ 𝑇𝑚 + 𝑇𝑎 + 𝑇𝑎𝑑            (1) 

 

Where: 

Tr – the time for testing or restoring the part; 

Tpf – preparatory-final time; 

np – number of parts for restoration or produc-

tion (E.g. valves or valve seats); 

Тm – the main recovery time; 

Тa – auxiliary time; 

Тad. – additional time. 

Preparatory - closing time is associated with 

familiarization with the specifics of the restored 

part, study of a sketch or drawing, preparation of 

the workplace, adjustment or readjustment of ma-

chines, obtaining tools, parts, handing over the re-

stored parts, cleaning the workplace. Preparatory 

- closing time is reduced as the series of restora-

tion details increases. For example: when restor-

ing the working chamfer of a valve BMW Engine 

M57D30 Turbo, which has 24 identical valves, 

the preparation-closing time will be less than the 

time required to perform the same operation on 

the Mercedes - Benz Engine OM 604, due to the 

need to reconfigure the machine - intake and ex-

haust valves have different stem diameters. 

The main time represents the time in which the 

shape and dimensions, properties and appearance 

of the restored parts are changed. When rebuilding 

cylinder heads, the basic time is a variable quan-

tity for each cylinder head, regardless of the fact 

that they may be the same. This is related to de-

fectiveness - the specific accumulation of defects 

and damage, which in turn depends on a number 

of random variables. As the thickness of the ma-

chining layer increases during recovery, the basic 

time increases. 

The auxiliary time is the time needed to per-

form the auxiliary activities – establishing, fixing, 

measuring, etc. auxiliary time ensures the execu-

tion of the main operations. 

Additional time is associated with organiza-

tional and technical service at the workplace - 

changing tools, lubrication and cleaning of equip-

ment, rest time and natural needs of workers. 

The total cylinder head recovery time is deter-

mined by the following formula: 

 

𝑇𝑡𝑟 = ∑ 𝑇𝑟𝑡𝑖

𝑛

𝑖=1

+ ∑ 𝑇𝑜𝑡𝑖

𝑛

𝑖=1

    (2) 

 

Where: 

∑ Trti

n

i=1

−  recovery time i − th operation 

∑ Toti

n

i=1

−  organizational − technical  

time for the i − th operation 
Determining the full time for the restoration of 

one cylinder head is the basis for forming the cost 

and efficiency of the technological process. Based 

on it, the base prices for each operation are calcu-

lated, and from there the final price for the resto-

ration of the cylinder head. Efficiency and pricing 

are associated with the technological equipment 

used, its performance, energy consumption, de-

preciation costs, complexity of service and 

maintenance, the price of used consumables. The 

final price also depends on the tax-insurance and 

administrative burdens imposed by the state for 

carrying out the activity, but they are not the sub-

ject of consideration in the present study. 

The exact determination of recovery times for 

each operation is carried out by timing, based on 

already existing experience. The measurement er-

ror can reach up to 20% [4,7], but without taking 

into account the fact that certain operations are 

carried out in the conditions of small-series, and 

not in single production: eg. restoration of work-

ing valves, restoration of valve seats (using spe-

cialized profile cutting machines with a defined 

cutting edge). When timing was carried out in a 

real working environment, it was found that when 

working by a worker on rebuilding an eight-valve 

cylinder head (only machining the working sur-

faces, disassembling and installing springs, 

changing oil seals, washing), the time for full re-

covery is 85 ÷ 95 min. The inclusion of a second 

worker in the process to work in parallel on the 

technological process reduces the recovery time 

by 18 ÷ 20 min. The increased productivity is due 

to the possibility of parallel work on the restora-

tion of the valve seats and the valves themselves, 

which is carried out on different machines, and 

from there the time losses from interoperation 

downtime of the cylinder head are reduced. 

 

Manufacturing cost of cylinder head recov-

ery 

 

One of the main economic indicators that char-

acterizes the technological process of cylinder 

head restoration is the cost of the repair activity. 

The specificity of the work shows that during the 

restoration of cylinder heads there are elements of 

single and small serial production, but also in rare 
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cases elements close to serial production, accord-

ing to the classifications of typical machine-build-

ing productions [5,6]. This specificity implies a 

different approach to determining the cost price, 

although the repair production is a single produc-

tion [6,8], in this case it is necessary to apply an 

averaged approach to determine the efficiency and 

pricing policy in the restoration of cylinder heads.  

The main point in the formation of prices is the 

determination of the recovery time. It depends on 

many random variables, and the formation of an 

accurate price for each specific case is time-con-

suming, and in some cases, an unnecessary task. 

The application of an averaged approach allows to 

determine the final price of the restored article in 

the presence of minimal labor losses during its de-

termination. The planning of the production pro-

cess can be carried out depending on the quantity 

of the orders within 5 (five) working days at an 8 

(eight) hour working day, due to the specifics of 

the work. In order to reduce the loss of time when 

setting up and readjusting the machines, a group 

organization of the restoration of the details is car-

ried out. For example: when restoring the valves 

of cylinder heads with the same angles and diam-

eters of the stems and close diameters of the 

heads, the processing is done in a group, regard-

less of the different orders. In this way, processing 

can be approached in its characteristics from sin-

gle to medium series production, which reduces 

production costs and increases the productivity of 

the repair activity. 

The cost of repairing a cylinder head can be 

determined by the following formula: 

 
С=Сm + Сte + Се + Сd + Сls +Сcc   (3) 

 

Where: 

Сm – cost of the main and additional materials 

used for the recovery; 

Сte – cost of tools and equipment used in the 

recovery; 

Се – cost of the energy carriers used for the re-

covery; 

Сd – cost of depreciation of the machinery and 

equipment used in the recovery; 

Сls – cost of the labor salary of the participants 

in the recovery. 

Сcc – cost of communal and corporative resto-

ration costs. 

The cost of the main and additional materials 

used to restore Cm cylinder heads depends 

strongly on the prices of materials on the world 

exchanges for metals and alloys. The most 

commonly used basic materials in the restoration 

of cylinder heads are [1,2,3,5]: 

- steels of the type X210Cr12 (D2, D3, Х12М), 

C45, 41Cr4 

- cast iron  ВЧ45, ВЧ50, СЧ20 

- aluminum bronze 

- brasses 

- additional materials for welding and brazing 

– AlSi5, AlSi10, E-NiFe and others 

The cost of the tools and tooling used in the 

recovery depends greatly on the manufacturer. 

Usually, the manufacturer of the cylinder head re-

building machines also manufactures the tools and 

equipment for them. In general, the equipment is 

very durable and retains its functionality over 

years of use. In contrast, tools are worn or de-

stroyed in the cutting process and need to be re-

placed with new ones. Cost reduction is achieved 

by using resharpening inserts. Cost reduction is 

achieved by using resharpening inserts. 

The cost of the energy carriers used in the re-

covery mainly depends on the cent of delivered 

electricity, but also on the price of natural gas, 

propane-butane, gasoline and diesel fuel. 

The cost of depreciation of the machines and 

equipment used in the recovery depends on the 

technological path of the cylinder head during its 

repair. 

The cost of the labor salary of the participants 

in the recovery is a value directly dependent on 

the technological path and the qualification of the 

personnel for the relevant technological opera-

tion. In the case of improper organization of the 

repair activity, labor costs can exceed revenues, 

which completely loses the efficiency of produc-

tion. The insurance burden, which is imposed by 

legislation, is included in the salary. 

The cost price of the total costs during the re-

covery includes costs related to the purchase of 

patents, know-how, heating and air conditioning 

of the working premises, social and household 

costs, legal services, cash registers and consuma-

bles, creation of safe working conditions, health 

care , environmental fees, consumables for sepa-

rate waste collection, accounting services and oth-

ers. 

 

Conclusion 

 

From the research done, it is established that 

the organizational and technical measures preced-

ing the technological process of restoring the cyl-

inder heads are decisive for the cost price of the 

final product. The complete time to recovery the 

cylinder heads depends on the quality of 
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development of the technological process and the 

possibilities of grouping the mechanical treat-

ments. 
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ABSTRACT: This article examines the stoichiometric laws stated in the eighteenth century: Equivalents law, 

Law on the constancy of composition, Multiple Ratios Law,  Volume Ratios Law, Charles Law, Law of Boyle- 

Marriott, Law of Clapeiron – Mendeleev,  Avogadro's Law.  A revival of atomism, when chemistry began to de-

velop with rapid steps and entered a new period of your theory - the period of quantitative laws, is also discussed.  

"Atomic Theory" is also regarded. The introduction of modern chemical symbolism, the creation of the dualistic 

system, according to which elements are classified as electropositive and electronegative. The Cannizzaro's reform 

distinguished the concepts of atom, molecule and equivalent used indiscriminately by many authors. 

Key words: stoichiometric laws, atomic theory, chemical simbols. 

 

Introduction 

 

Stoichiometry (stoikheion - element and met-

ron - to measure) is a branch of chemistry about 

the ratios of chemical reactants. These laws were 

discovered as a result of the Law of Conservation 

of Mass. After the discovery of this law by Lavoi-

sier, and previously stated by Lomonosov, a 

whole series of stoichiometric laws appeared. 

 

1. Equivalents law 1791-1798. 

The law was stated by Benjamin Richter. He is 

a German chemist who for years was engaged in 

the analysis of salts and sought to deduce the 

mathematical dependences in chemical reactions. 

Based on the data obtained, he derived a series of 

relative amounts of acids needed to neutralize ba-

ses and vice versa. In 1792-94 Richter published 

his scientific work "Principle of Stoichiometry, or 

a way of measuring the chemical elements", in 

which he showed that when forming compounds, 

the elements interact in strictly defined ratios, sub-

sequently called equivalents. The term stoichiom-

etry was introduced by Richter and was under-

stood as the measurement of ratios in which chem-

ical elements react with each other. In his works, 

Richter introduced the first chemical equations for 

reactions in the history of chemistry. The discov-

eries of the German chemist marked the beginning 

of the rapid development of quantitative research 

in chemistry. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Benjamin Richter (1762-1807) German chem-

ist 

 

2. Law on the constancy of composition 

1799-1806. 

The law was discovered by Joseph Louis 

Proust. It states that every pure chemical com-

pound, regardless of the method of its preparation, 

consists of the same chemical elements, and the 

ratio of their masses is constant, and the relative 

number of their atoms is expressed as a whole 

number. Proust's law does not apply to a large 

group of compounds called "bertholoids" in 

memory of Bertollet. These are compounds with 

a variable composition - non-stoichiometric 
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binary compounds found in compounds of metals, 

oxides, hydrides, carbides, sulfides, etc. Often 

these are salts containing crystallographic point 

defects – excess or deficiency of elements. They 

were at the heart of the dispute between Proust 

and Bertollet. 

   

Joseph Louis Proust (1754-1826) French 

chemist 
 

3. Multiple Ratios Law 1803. 

The law was discovered by John Dalton and 

played a major role in the development of atomis-

tic views in chemistry. 
 

   
 

John Dalton (1766-1844) English chemist and 

physicist 

 

Dalton was the discoverer of several laws that 

later received his name. Also named after him is a 

visual defect called "daltonism" from which he 

suffered and which he himself described in 1794. 

This is color blindness - it is expressed by the in-

ability to distinguish certain or all colors. The law 

of multiple ratios states: "If two substances, sim-

ple or complex, form with each other more than 

one compound, then the mass of one substance 

added to the mass of the other substance is re-

ferred to as a whole number." 
 

4. Volume Ratios Law 1808. 

The law follows from the ideal gas equation of 

state PV/T = const. P1V1/T1 = P2V2/T2. 

At P = const., V/T = const., i.e. V1/T1 = V2/T2  
 

5. Charles Law 1808. 

The law is known as Gay-Lussac's second law. 

At V=const., P/T=const., P1/T1=P2/T2 

 

6. Law of Boyle- Marriott. 

At T= const., PV= const., P1V1 = P2V2 

 

7. Law of Clapeiron - Mendeleev 

PV = nRT = mRT/M 

 

8. Avogadro's Law 1811. 

The law states that equal volumes of different 

gases, at the same temperature and pressure, con-

tain the same number of molecules.  
 

   
Amadeo Avogadro (1776-1856) Italian scien-

tist 

 

The amount of substance that contains 

6.02x1023 building particles is one mole. The 
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number NA = 6.02x1023 mol-1 is called Avogadro's 

number in honor of the Italian physicist Amadeo 

Avogadro, a professor in Turin. First consequence 

of Avogadro's law: one mole of any gas under the 

same conditions occupies a volume of 22.414 li-

ters at P=101.325 kPa and T=373.15 K. This law 

is of great importance for chemistry. 
 

A revival of atomism 

 

After Lavoisier's reform and the discrediting of 

the phlogiston theory, chemistry began to develop 

with rapid steps and entered a new period of your 

theory - the period of quantitative laws. The be-

ginning of this period is marked by the discovery 

of the most important chemical laws described 

above. Important chemical elements such as so-

dium, potassium, calcium, magnesium, barium, 

boron, iodine, selenium, lithium, cadmium, stron-

tium, etc. were also discovered in this period. 

Among the most authoritative figures in the 

chemical world is the English scientist John Dal-

ton. Starting from the idea of the corpuscular 

structure of matter and based on the concept of a 

chemical element developed by Lavoisier, he de-

veloped the so-called "Atomic Theory", in which 

he used the term atom, introduced by Democritus. 

In his main work "A New System of Chemical 

Philosophy" (1808-1827), Dalton assumed that 

each chemical element consists of its own type of 

atoms, characterized by a set of properties, among 

which an important place is occupied by mass 

(weight).  

For Dalton, the main difference between atoms 

of chemical elements is mass. He believed that the 

absolute mass could not be determined experi-

mentally, but he managed to calculate the relative 

mass of atoms compared to the lightest of the ele-

ments - hydrogen. For this purpose, he finds the 

mass ratios between the constituent parts of a 

given hydrogen compound and uses the following 

rules: 
 

1. If two substances form only one compound 

with each other, it should be assumed to be "dual 

atom" (ie with a 1:1 ratio of components). 

2. If two compounds are known to be formed, 

one can be assumed to be "double atom" and the 

other "triple atom" (ie with a ratio of 1:1 to 2:1 

components). 

3. If three compounds can be produced, one 

must be "dual atom" and the other two "triple 

atom" (ie with a ratio of components of 1:1, 2:1 

and 1:2). 

For a visual representation of "simple" and 

"complex" atoms, Dalton uses chemical symbols. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Dalton excludes heat and thermogenesis from 

the list of elements, but he is not ready to com-

pletely reject Lavoisier's misconceptions about 

the nature of heat. For this reason, in his schemes, 

Dalton depicted atoms with a halo of "bound 

heat." 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

The English physician William Prout ques-

tioned the concept that all elements are indivisi-

ble, immutable and absolutely independent of 

each other. In 1815-1816 he expressed his hypoth-

esis of the unity of matter, according to which at-

oms have a complex structure and can be 
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considered as obtained by condensation of hydro-

gen. Prout's hypothesis caused a wide response in 

the scientific world, but was eventually aban-

doned and even dismissed. However, it received a 

new image with the discovery of the phenomenon 

of radioactivity eight decades later. 

Much of the credit for refuting Prout's hypoth-

esis goes to Berzelius. His name is associated with 

the introduction of modern chemical symbolism, 

the creation of the dualistic system, according to 

which elements are classified as electropositive 

and electronegative. Berzelius greatly simplified 

the chemical symbols of the elements compared 

to Dalton, using only the initial letters of their 

names. He worked extensively on the problem of 

determining atomic masses and in most cases 

achieved high accuracy. Berzelius showed that 

atomic masses are not whole numbers. 
 

   
 

Jons Berzelius (1779-1848) Swedish chemist 
 

Cannizzaro's reform 

Although Avogadro presented his molecular 

hypothesis clearly enough and not once (1811-

1821), it remained almost unknown to chemists 

and sank into oblivion for nearly four decades. 

Avogadro's works were noticed only after his 

death. While preparing his lecture course on theo-

retical chemistry (1858), his compatriot Stanislao 

Cannizzaro came across them by chance and, after 

considering them, clearly distinguished the con-

cepts of atom, molecule and equivalent used in-

discriminately by many authors. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Stanislao Cannizzaro (1826-1910) Italian 

chemist 
 

We should note that already in the forties of the 

19th century, the French chemists Charles Gerard 

and Auguste Laurent distinguished these con-

cepts, removing some of the inaccuracies in Ber-

zelius' ideas. For example, Gerard corrected the 

formulas of hydrogen chloride, ammonia, etc.  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Charles Gerard (1816-1856) French chemist 
 

He considered metal oxides to be similar in 

structure to water and mistakenly assumed that 

metals form diatomic molecules like hydrogen. 

On the basis of Avogadro's hypothesis (equal 
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volumes of gases at equal pressure and tempera-

ture contain the same number of molecules), Can-

nizzaro opposes the system of Berzelius as well as 

the aforementioned misconception of Gerard. 

Cannizzaro believed that molecular masses were 

proportional to the density of bodies in the gase-

ous state, and after assuming (like Avogadro) that 

the mass of the hydrogen molecule was 2 and us-

ing Jean Dumas's method for determining the den-

sity of vapors (1826), he composed a deprived 

from internal contradictions (system) table of mo-

lecular masses. 
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СПЕКТРОФОТОМЕТРИЧНО ОПРЕДЕЛЯНЕ НА МЕД ПО МЕТОДА 

НА ДВУСТРАННАТА ДИФЕРЕНЦИАЛНА СПЕКТРОФОТОМЕТРИЯ 

 

Красимира Станчева, Чанд Паша, Виктория Трифонова 

 

BILATERAL DIFFERENTIAL SPECTROPHOTOMETRIC DETERMINATION 

OF COPPER 

 

Krasimira Stancheva, Chand Pasha, Viktoria Trifonova 

 
ABSTRACT: Simple, selective and accurate bilateral differential spectrophotometric method is developed for 

the trace spectrophotometric of copper(II) using fuchsine as reagent. The method is baced on two successive 

chemical reactions: an oxidation of iodide ions to iodine from Cu(II) and an interaction of the liberated iodine 

with the organic dye fuchsine in acid media. The liberated iodine, equivalent to the analyte, forms a complex with 

fuchsine having an absorption maximum at λmax 620 nm. The Beer`s law is  in the concentration range of 10.0 -

70.0 mg/L with a linear regression 1. The method’s detection limit, limit of quantification and molar absorptivity 

are reported as follows: 0,1148 mg/L, 0.3480 mg/L, 0.45×104 L/mol cm, respectively. The roposed method is 

successfully applied for the determination of Cu(II) in waters. 

Key words: Copper determination, bilateral differential spectrophotometry, fuchsine, 
 

Introduction 

 

Bilateral differential spectrophotometry is an 

Bilateral differential spectrophotometry is an 

analytical technique which has been used to 

improve the selectivity and accuracy of the 

measurement. It also has wider concentration 

range of the calibration curve. 

Copper is considered either essential or 

hazardous to life and plays a substantial role in the 

environment [1-5]. As a micronutrient, copper is 

responsible for the proper functioning of several 

metalloenzymes and its deficiency reduces the 

activity of not only copper containing enzymes 

but also some enzymes that do not contain copper 

[4, 6]. The deficiency of copper results in different 

health problems like anaemia, hair kinky, Wilson 

disease and jaundice [7]. 

Apart from the biological activity of copper, 

major portion of world’s production of it is used 

in electrical equipment, roof sheeting, bronze 

paints and also finds its applications in agriculture 

as micronutrient fertilizers, fungicides, and 

insecticides [6]. Thus the determination of trace 

amounts of copper in various media is becoming 

increasingly important. 

Several analytical techniques have been used 

for determination of copper, including atomic 

absorption spectrometry, atomic emission spec-

trometry, electroanalytical techniques, spectro-

photometry, inductive coupled plasma-emission 

spectrometry, inductive coupled plasma-mass 

spectrometry, flow injection diode array 

spectrophotometry and X-ray fluorescence 

spectrometry [3, 7, 8, 9]. Spectrophotometry 

methods are often preferred, as they involve in-

expensive instrument, less labor-intensive, and 

provide comparable sensitivity when appropriate 

chromogenic reagents are available [1, 6, 10, 11]. 

Drinking water can comprise 20-25% of 

dietary copper [12]. The World Health 

Organization recommends a minimal acceptable 

intake of approximately 1.3 mg/day [13] and the 

maxi-mum level of copper in drinking water 

should not exceed 2 mg/L (2 ppm). The maximum 

level of copper in soil is 20-80 mg/kg. 

Therefore, it is important to develop a cost-

effective, sensitive and rapid analytical method 

for trace determination of copper. 

Several methods have been reported for the 

determination of copper such as voltammetry 

[14], kinetic spectrophotometry [15] and 

spectrophotometry [16-20]. Spectrophotometry is 

essentially a trace analysis technique and is one of 

the most powerful tools in chemical analysis. It is 

based on the determination of absorbance of a 

colored complex formed by the reaction between 

metal ion and a suitable analytical reagent. Few 
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methods have been reported on the determination 

of Cu(II) using various ligands by 

spectrophotometry. Though, the reported 

spectrophotometric methods [17-20] suffer from 

one or more disadvantages such as 

reproducibility, less sensitivity, expensive 

instrumentation and severe interferences etc. 

(Table1). 

In this work the results obtained in the studies 

related to the colour reaction between iodine, 

equivalent to copper(II), and the reagent fuchsine 

in acid medium and its analytical utility are 

presented and discussed. 

 

Experimental 

Apparatus 

A Thermo Scientific UV-Visible Double Beam 

Spectrophotometer with 1 cm quartz cell and 

Specol 11 were used for absorbance 

measurements of the solutions. The pH is 

measured using an Expert 001, model 3 (0.1) pH 

meter/potentiometer (Ekoniks-Expert RF) with a 

glass electrode. 

 

Reagents and Solutions 

All chemicals (Merck, Germany, purity >99 

%) were of analytical-reagent grade and employed 

without further purification. Standard copper(II) 

stock solution of 1 g/L was prepared by dissolving 

the required amount of copper(II) sulphate 

(0.3929g CuSO4×5H2O) in 100 mL of distillated 

water. This stock solution is diluted further, 

wherever necessary, with distilled water. 

Hydrochloric acid (2N), potassium iodide (2%) 

and 0.01 % fuchsine (C20H20N3·HCl, 4-[(4-

aminophenyl)-(4-imino-1-cyclohexa-2,5-

dienylidene)methyl]aniline hydro-chloride, M = 

337.86 g/mol) were used. 

  

Procedures 

 

Calibration graph 

Series of standard solutions with a 

concentration of 10-100 mg Cu(II)/mL were 

prepared in 50 mL volumetric flasks by 

appropriate dilution. Then 5 mL of 2% KJ, 5 mL 

of 2N HCl are added and the mixture is shaken 

until a yellow color appears, indicating the 

liberation of iodine. Then 5 mL of 0.01% fuchsine 

is added. Add up to the mark and homogenize. 

After 15-30 minutes absorbance is measured at a 

wavelength of 620 nm. The scanning of the 

resulting solutions were made and the absorbance 

was measured at 620 nm against the 

corresponding reagent blank. Reagent blank is 

fourth solution of the calibration solutions. The 

amount of the Cu(II) present in the volume taken 

was computed from the calibration graph 

equation. 

 

Table 1. Comparison with the reported methods 
 Reagent Name λmax pH Beer’s law, 

mg/L 
 Remarks Ref. 

1 3- methoxy-4- 

hydroxy 

benzaldehyde-4-

bromo phenyl 

hydrazone 

462 4 0.2-4.0 2.052×104 

 

i) Extraction 

ii) Time 

consuming 

 

21 

2 2,5-Dihydroxy 

acetophenone benzoic 

hydrazone 

400 5 0.3-6.0 1.1×104 Poor 

selectivity, 

less sensitive 

and more 

reagent 

consumption 

 

22 

3 p-Methyl isonitroso 

aceto phenone 

phenyl hydrazone 

 

510 7 0.1-1.0 0.628×104 Less sensitive 23 

4 2,3,4-trihydroxy 

acetophenone phenyl 

hydrazone 

385 2.5 0.04-0.64 10.053×104 More acidic(pH 

2.5) 

 

24 

5 Fuchsine 560 2.0 0.5-6.0 5.8×104   
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Determination of copper in water samples 

 

Different certified water samples are collected and 

each filtered water samples (100 mL) is evaporated 

nearly to dryness with a mixture of  5.0 mL of 

concentrated H2SO4 and 10.0 mL of concentrated 

HNO3 in a fume cupboard and then cooled to room 

temperature. The residue is then heated with 20.0 mL 

of distilled water, in order to dissolve the salts. The 

solution is cooled and neutralized with dilute NH4OH 

in the presence of 1–2 mL of 0.01% citrate solution to 

mask iron. The resulting solution is filtered and 

quantitatively transferred into a 100.0 mL calibrated 

flask. 10 mL of 2 % potassium iodide solution was 

added followed by 10 mL of 2N HCl and the mixture 

was gently shaken until the appearance of yellow color, 

indicating the liberation of iodine. 5 mL of 0.01 % 

fuchsine solution was added to each flask and the 

reaction mixture was shaken for 2 minutes. The 

calibrated flask was made up to the mark with distilled 

water and the absorption was measured at 620 nm 

against the corresponding reagent blank. 

 

Results and Discussion 

 

The analyses were carried out in order to 

establish the most favourable conditions for: the 

complex formation for the spectrophotometric 

method of the reagents with iodine; to achieve 

maximum colour development; good linearity 

over the wider working concentration range; 

sensitivity, selectivity, accuracy and precision and 

finally analytical applications. 

Absorption spectra 

 

The proposed method involves the liberation 

of iodine in acid medium by the reactions: 

1)  2 Cu 2+   +    2 I-   =    2 Cu+   +     I2    

2)  Cu+   +  I-   =    CuI ↓ 

The liberated iodine bleaches the magenta red 

color of fuchsine. The iodine-fuchsine system 

(cherry-red complex) exhibits its maximum 

absorbance at 560 nm (Figure 1). The absorbance 

is directly proportional to the copper(II) 

concentration. The colour reaction is 

instantaneous and the intensity of the colour 

remained constant for several hours from the 

initial starting time. The reaction of iodine with 

indicator is presented in Figure 2. 
 

 
Fig. 1. Absorption spectra of colored species of 

iodine-fuchsine system (λmax 620 nm) 
 

 
 

Fig. 2. Reaction scheme of fuchsine - iodine system 

 

Effect of of pH and reagent concentration 
 

In the present investigation a cherry-red 

coloured complex is formed when iodine interacts 

with fuchsine in an acid medium of pH 2. The 

effect of iodide concentration and acidity on the 

reaction system is studied with 2 mg/L copper. 

The oxidation of iodide to iodine by copper(II) is 

effective in the pH range 2.0, which can be 

maintained by adding 10 mL of 2 N HCl in a final 

volume of 100 mL. The liberation of iodine from 

potassium iodide in an acidic medium is 

quantitative. It is found that 10 mL of 2 % KI and 

10 mL of 2 N HCl are sufficient for the liberation 

of iodine from iodide by copper. 5 mL of  0.01 % 

fuchsine is used for subsequent decolorization. 
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Adherence to Beer’s law 

 

Adherence to Beer’s law is studied by 

measuring the absorbance values of solutions 

varying copper concentration. Beer’s law is 

obeyed in the range of 10.0–70.0 mg/L of 

copper(II) (Figures 3 and 4). The molar 

absorptivity of the system is found to be  0.45×104 

L/mol cm. The detection limit (LOD = 3.3 S) 

and quantitation limit (QL=10S), where  is the 

standard deviation of the reagent blank (n=5) and 

S is the slope of the calibration curve] for copper 

determination, are found to be 0.1148 μg/mL and 

0.3480 μg/mL respectively. 

 

Fig. 3. Graph of  ten standard solutions of Cu 

 

Effect of interfering ions 

 

The selectivity of the proposed method was 

examined by studying the effect of diverse ions on 

the absorbance of the experimental solution 

containing fixed amount (2.0 ppm) of copper. It 

can be seen that large number of common ions did 

not interfere in the proposed method. The 

tolerance limits of various foreign ions are given 

in Table 2. 
 

Fig. 4. Calibration graph of seven standards 

 

 

 

Effect of interfering ions 

 

The selectivity of the proposed method was 

examined by studying the effect of diverse ions on 

the absorbance of the experimental solution 

containing fixed amount (2.0 ppm) of copper. It 

can be seen that large number of common ions did 

not interfere in the proposed method. The 

tolerance limits of various foreign ions are given 

in Table 2. 

 

Table 2. Effect of interfering ions 

 

Foreign ion Tolerance limit (μg/ml) 

    

Ni2+ 55 

Cd2+     40 

Ba2+ 100 

Fe3+* 65 

Bi3+ 200 

Al3+ 70 

Ca2+ 200 

Co2+ 55 

Zn2+ 200 

Tartarate 300 

Oxalate 300 

PO4
3- 150 

Sulfate 50 

Chromate 200 

 

Applications 

 

The proposed method was applied to the 

quantitative determination of copper(II) in waters. 

The results of the analysis are presented in Table 

3. 

 

Table 3. Determination of copper(II) in difrent 

kind of waters 

 

Samples Cu(II) found 

x ± tS/√n 

(mg/L) 

RSD 

(%) 

Water 1 2.02 ± 0.35 1,32 

Water 2 1.89 ± 0.41 2,45 

Water 3 1.78 ± 0.25 1,95 

Water 4 1.95 ± 0.34 2,35 

Water 5 1.78 ± 0.25 1,71 

 

Number of determination n= 5; t - Students t-

value at 95% probability; S - standard 

deviation;  x, an average. 
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Conclusions 

 

In this paper a simple, efficient and rapid 

bilateral differential spectrophotometric method 

for the determination of Cu(II) in waters using 

fuchsine as new reagent is presented. The 

proposed method offers advantages as good 

sensitivity, selectivity, reliability, reproducibility, 

less interference and immediate colour 

development. The method is found to be 

quantitative comparable to other standard 

methods. 
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РЕГИОСЕЛЕКТИВЕН СИНТЕЗ НА 4-ФОСФОРИЛИРАНИ  

-ХИДРОКСИАЛЕНКАРБОКСИЛАТИ 
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Йорданка Иванова, Ивайло Илиев, Ивайло Иванов, Валерий Христов 

 

REGIOSELECTIVE SYNTHESIS OF 4-PHOSPHORYLATED  

-HYDROXYALLENECARBOXYLATES 

 

Hasan Hasanov, Ismail Ismailov, Ivaylo Parushev, Husein Halil, Serkan Mumun,  

Yordanka Ivanova, Ivaylo Iliev, Ivaylo Ivanov, Valerij Christov 

 
ABSTRACT: The paper discusses a practical regioselective synthesis of 4-phosphorylated 6-hydroxyhepta-

2,3-dienoates by an atom-economical [2,3]-sigmatropic rearrangement of the mediated ethyl 2-(dimethoxyphos-

phanyl)oxy- or 2 (diphenylphosphino)oxy-6-(tetrahydro-2H-pyran-2-yloxy)-hept-3-ynoates which can be easily 

prepared via reaction of the protected ethyl 2-hydroxy-6-(tetrahydro-2H-pyran-2-yloxy)-hept-3-ynoate with dime-

thyl chlorophosphite or chlorodiphenyl phosphine, respectively, in the presence of a base. 

Key words: synthesis, protection of hydroxy group, [2,3]-sigmatropic rearrangement, 4-phosphorylated 6 hy-

droxyhepta-2,3-dienoates. 

 

Introduction 

 

Allenes are considered to be unique com-

pounds in organic chemistry due to their adjacent 

orthogonal π-bonds. During the last three decades 

synthesis and applications of allene derivatives 

have been increased in preparative organic chem-

istry. The availability of two π electron clouds that 

are separated by a single sp hybridized carbon 

atom is the main structural characteristic of al-

lenes, and it is this unique structural and electronic 

arrangement that presupposes the extraordinary 

reactivity profile displayed by allenic compounds 

[1-5].  

Functionalized allenes have provoked a grow-

ing interest because of their versatility as key 

building blocks for organic synthesis. Functional-

ized allenes could be used in a number of trans-

formations due to their high reactive capacity. The 

synthetic capacity of functionalized allenes has 

been explored thoroughly in recent years, and this 

has led to the development of new methods in 

constructing a variety of functionalized heterocy-

clic and carbocyclic systems [6-11]. There are 

many methods which construct hydroxyallenes, 

including prototropic rearrangement of propar-

gylic alcohols [12,13], metal-catalyzed nucleo-

philic addition of propargylic derivatives to alde-

hydes [14-18], Cu(I) catalyzed reaction of 

propargylic chlorides with Grignard reagents 

[19,20], metal-catalyzed reaction of propargylic 

oxiranes with organometallic compounds [21-25] 

and ketones [26,27]. 

The most general methods for the synthesis of 

allenecarboxylates involve the Wittig [28-30], 

Wittig-Horner [31] or the Horner-Wadsworth 

Emons [32] olefination of ketenes, iron-catalyzed 

olefination of ketenes with diazoacetate [33], etc. 

[34]. Also, there are methods for the synthesis of 

phosphorus-containing allenes (phosphonates [35 

38], phosphinates [39,40], and phosphine oxides 

[41-46]) including reactions of -alkynols with 

chloride-containing derivatives of phosphorus ac-

ids followed by [2,3]-sigmatropic rearrangement. 

Several diethylphosphono-substituted -allenic 

alcohols were prepared by Brel [47,48] directly 

from alcohols by Horner-Mark rearrangement of 

unstable propargylic phosphites. We have set in 

our research program on the chemistry of the tri-

functionalized allenes to develop an efficient and 

regioselective method in order to introduce the 

phosphonate or phosphine oxide in the fourth-po-

sition, as well as the -hydroxy group in the sixth 

position to the ester group of the allenecarbox-

ylates. These groups provoke attention due to the 

useful functionalities in organic synthesis. More 

precisely, the focus is on the applications of these 

groups as temporary transformers of chemical 
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reactivity of the allenic system in the synthesis of 

heterocyclic compounds. Following our previous 

papers on the synthesis [49-52] and cyclization re-

actions [52-58] of bifunctionalized allenes, we 

have found a pragmatic synthesis of trifunctional-

ized allenes, namely the 4-phosphorylated -hy-

droxyallenecarboxylates (4-phosphorylated 6-hy-

droxyhepta-2,3-dienoates). 

 

Results and Discussion 

 

In order to assess the approach towards the tar-

get 1,1,3-trifunctionalized allenes, a range of 4-

phosphorylated 6-hydroxy-allenecarboxylates 7, 

9, 10, and 11 were prepared by the following four-

step procedure including: i) protection of hydroxy 

group in pent-4-yn-2-ol; ii) subsequent reaction 

with Grignard reagent and ethyl 2-oxopropanoate 

to give ethyl 2,6-dihydroxy-hept-3-ynoate with 

protected hydroxy group at sixth position; iii) in-

teraction with chloride of phosphorus acid in the 

presence of a base; and finally iv) [2,3]-sigma-

tropic rearrangement of the mediated protected 

ethyl 2-(dimethoxyphosphanyl)oxy- or 2-(diphe-

nylphosphino)oxy-6-hydroxy-hept-3-ynoates. As 

a starting point for our investigation, we first ex-

amined the protection of hydroxy group in pent 4-

yn-2-ol 1 with DHP in the presence of PPTS [59-

62] (Scheme 1).  

 

 

 
 

 

Reagents and conditions: i) DHP (1.5 eq), PPTS (0.1 eq), CH2Cl2, rt, 2h, distillation; ii) EtMgBr (1 

eq), THF, reflux, 2h; iii) dropwise addition of 3 to MeC(O)CO2Et 4 (2 eq), reflux, 2h, column  

chromatography. 

 

Scheme 1. Synthesis of ethyl 2-hydroxy-6-(tetrahydro-2H-pyran-2-yloxy)-hept-3-ynoate 5 

 

 
Reagents and conditions: iv) PCl3 (1 eq), Et3N (1.1 eq), Et2O, -70 oC, 30 min stirring, pyridine (2.2 

eq), MeOH (2 eq), Et2O, -70 oC; v) [2,3-]-rearrangement, -70 oC, 1h, rt, 4h, column chromatography; 

vi) Ph2PCl (1 eq), Et3N (1.1 eq), Et2O, -70 oC; vii) [2,3-]-rearrangement, -70 oC, 1h, rt, 6h, column 

chromatography. 

 

Scheme 2. Synthesis of ethyl 4-(dimethylphosphoryl)-6-(tetrahydro-2H-pyran-2-yloxy)-hepta-2,3-

dienoate 7 and ethyl 4-(diphenylphosphinoyl)-6-(tetrahydro-2H-pyran-2-yloxy)-hepta-2,3-dienoate 9 
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Reagents and conditions: viii) PPTS (0.1 eq), EtOH, rt, 6h, stirring, column chromatography.  

 

Scheme 3. Synthesis of ethyl 4-(dimethylphosphoryl)-6-hydroxyhepta-2,3-dienoate 10 and ethyl 4-

(diphenylphosphinoyl)-6-hydroxyhepta-2,3-dienoate 11

Thus, the 2-(but-3-ynyloxy) tetrahydro-2H-

pyran formed 2 was isolated by column chroma-

tography with very good yield (87%). Reaction of 

the protected alkynols 2 with ethyl magnesium 

bromide and subsequent dropwise addition of in 

situ generated alkynyl magnesium bromide 3 to 

ethyl 2-oxopropanoate 4 and reflux for 2 h gives 

the ethyl 2-hydroxy-6-(tetrahydro-2H-pyran-2-

yloxy)-hept-3-ynoates 5, which are stable and 

were isolated by column chromatography in 78% 

yields as is shown in Scheme 1. With the required 

ethyl 2,6-dihydroxy-hept-3-ynoate 5 with pro-

tected hydroxy group at sixth position in hand, we 

were then able to investigate the proposed reac-

tions with the corresponding chloro-containing 

phosphorus reagents such as dimethyl chloro-

phosphite and chlorodiphenyl phosphine in the 

presence of a base and subsequent [2,3] sigma-

tropic rearrangement of the mediated phosphites 6 

or phosphonites 8. 

In the first instance, the ethyl 4-(dime-

thylphosphoryl)-6-(tetrahydro-2H-pyran-2 

yloxy)-hepta-2,3-dienoate 7 can be readily pre-

pared via an rearrangement atom-economical of 

the 2,3-sigmatropic ethyl (dimethoxyphospha-

nyl)oxy-6-(tetrahydro-2H-pyran-2-yloxy)-hept-

3-ynoate 6, 2 intermediate formed by reaction of 

the ethyl 2-hydroxy-6 (tetrahydro-2H-pyran-2-

yloxy)-hept-3-ynoate 5 with dimethyl chloro-

phosphite, prepared in situ from phosphorus tri-

chloride and 2 equiv of methanol in the presence 

of triethylamine, and 2 equiv of pyridine, accord-

ing to Scheme 2. 

Next, the reaction of ethyl 2-hydroxy-6-(tetra-

hydro-2H-pyran-2-yloxy)-hept-3-ynoate 5 with 

chlorodiphenyl phosphine in the presence of tri-

ethylamine at -70oC gave the expected ethyl 4-(di-

phenylphosphinoyl)-2-methyl-6-(tetrahydro-2H-

pyran-2-yloxy)-hepta-2,3-dienoate 9 in very good 

yield (70%) as a result of [2,3]-sigmatropic rear-

rangement of the ethyl 2-(diphe-

nylphosphino)oxy-6-(tetrahydro-2H-pyran-2 

yloxy)-hept-3-ynoate 8 for 6 h at room 

temperature, according to the reaction sequence 

outlined in Scheme 2. 

A new family of 4-phosphorylated 6-hydroxy-

hepta-2,3-dienoates with protected hydroxy group 

7 and 9 were synthesized via an atom economical 

and regioselective [2,3]-sigmatropic rearrange-

ment of the intermediate formed hydroxy- and 

carboxy-substituted propargyl phosphites 6 or 

phosphinites 8 in the reaction of protected hy-

droxy- and carboxy-substituted dimethylchloro 

phosphite alkynols 5 with dimethylchloro phos-

phite or chlorodiphenyl phosphine in the presence 

of triethylamine. 

Compounds 7 and 9 were stable enough to be 

handled at ambient temperature. The hydroxy 

group was deprotected by stirring the ethanol so-

lution of the protected ethyl 4-(dime-

thylphosphoryl)- or 4-(diphenylphosphinoyl)-6-

(tetrahydro-2H-pyran-2 yloxy)-hepta-2,3-dieno-

ate 7 or 9 in the presence of 0.1 equiv PPTS at 

room temperature for 6 h to give the ethyl 4-(di-

methylphosphoryl)-6-hydroxy-hepta 2,3-dienoate 

10 and the ethyl (diphenylphosphinoyl)-6-hy-

droxy-hepta-2,3-dienoate 11, according to 

Scheme 3.  

After a conventional work-up, all allenic prod-

ucts 7, 9, 10, and 11 were isolated by column chro-

matography as stable yellow, orange or colourless 

oils and identified by 1H, 13C, and 31P NMR and 

IR spectra, as well as by elemental analysis.  

A series of new 4-phosphorylated 6-hydroxy-

hepta-2,3-dienoates with protected 7 and 9 and 

unprotected hydroxy group 10 and 11 were syn-

thesized by a convenient, expedient, atom-eco-

nomical and regioselective method. 

 

Conclusion 

 

In conclusion, we could state that a convenient 

and practical regioselective synthesis of a new 

family of 1,1,3-trifunctionalized allenes has been 

explored. 4-Phosphorylated 6-hydroxyhepta-2,3-

dienoates were derived from [2,3]-sigmatropic 
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rearrangement of the intermediate hydroxy- and 

carboxy-substituted propargyl phosphites or 

phosphinites formed in the reaction of protected 

hydroxy- and carboxy-substituted alkynols with 

dimethylchloro phosphite or phosphine in the 

presence of a base. 

Currently, we are working on further progress 

of this potentially important synthetic methodol-

ogy. At the same time, we are making research on 

the synthetic application of the prepared 4-phos-

phorylated 6-hydroxyhepta-2,3-dienoates with 

protected or unprotected hydroxy group for syn-

thesis of different heterocyclic compounds in our 

laboratory as a part of our general synthetic strat-

egy for studying the nature of the electrophilic cy-

clization and cycloisomerization reactions of tri-

functionalized allenes. The results will be re-

ported in due course. What could be emphasied on 

is that the results of the preliminary study of the 

biological activity of the compounds are encour-

aging. It is the antibacterial and antifungal activi-

ties of selected compounds, as well as the poten-

tial precursors of effective anticancer drugs that 

are currently analysed by our University research-

ers. 
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ОПРЕДЕЛЯНЕ НА ТЕОРЕТИЧНИТЕ ТАРЕЛКИ ПРИ РЕКТИФИЦИЯ НА ИДЕАЛНИ 

ДВУКОМПОНЕНТНИ СМЕСИ  

 

Краси Панайотова, Адриана Георгиева 

 

DETERMINATION OF THEORETICAL PLATES IN RECTIFICATION OF IDEAL BI-

NARY MIXTURES 

 

Krasi Panayotova, Adriana Georgieva 

 
ABSTRACT:  The McKebe and Thiele method is convenient for sizing rectification columns to separate ideal 

binary mixtures. It uses equilibrium curves between the vapor and liquid phases to determine the theoretical num-

ber of steps required to separate a binary system. In production technologies, rectification is primarily carried out 

in plate columns in which a stepwise interaction takes place between the countercurrent vapour and liquid phases. 

The contact between the two phases takes place on contact devices (plates) horizontally arranged along the height 

of the column.  The aim of the present work is to provide software post-routing of the McKebe and Thiele diagram 

to determine the theoretical plates in the separation of a binary mixture by rectification. 

Key words: rectification, McKebe and Thiele method, theoretical plates 

 

Въведение 

Ректификацията е сложен топло- и масооб-

менен процес, широко използван за разделяне 

на течни смеси на съставящите ги индивиду-

ални компоненти или на фракции с желан със-

тав. В производствените технологии, ректифи-

кацията се осъществява предимно в тарелкови 

колони, в които протича стъпаловидно взаи-

модействие между движещите се в противоток 

парна и течни фази. Контактът между двете 

фази се осъществява върху хоризонтално раз-

положените по височина на колоната контак-

тни устройства (тарелки) [1÷5].  

 Основна характеристика на процеса ректи-

фикация е неговата ефективност, която се оце-

нява по различни критерии. В практиката, при 

тарелковите колони ефективността на масоп-

ренасяне се оценява обикновено, чрез коефи-

циента на полезно действие (КПД), който се 

използва при оразмеряване на колоните за пре-

изчисляване на определения брой теоретични 

тарелки в действителни тарелки [1÷3]. 

Основна задача при проектирането на рек-

тификационни колони е определянето на броя 

теоретични тарелки, който е необходим да раз-

дели дадена двукомпонентна течна смес в оп-

ределени граници и желана чистота. Един от 

най – често използваните подходи за опреде-

ляне броя на теоретичните тарелки е графич-

ния метод на МакКебе и Тиле.  

Методът на МакКебе и Тиле е доста удобен 

за оразмеряване на ректификационни колони 

за разделяне на двукомпонентни смеси. При 

него се използват кривите на равновесие 

между парната  и течна фази, за да се определи 

теоретичния брой стъпала, необходими за раз-

делянето на дадена бинарна система. 

Целта на настоящата дипломна работа е 

софтуерно да се обезпечи построяването на 

диаграмата на МакКебе и Тиле за определяне 

на теоретичните тарелки при разделяне на дву-

компонентна смес чрез ректификация. 

 

МакКебе - Тиле - графичен метод 

 

При проектирането на колонен апарат за 

разделяне на двукомпонентни течни смеси 

чрез ректификация, сложните термодина-

мични изчисления, тарелка по тарелка могат 

да бъдат заобиколени чрез използване графич-

ния метод на МакКебе и Тиле. Основните оп-

ростяващи допускания в този метод са след-

ните: 

• на всяка тарелка парциалния конденза-

тор и/или парциалния изпарител служат като 

теоретични тарелки; 

• постоянни молни дебити на потоците; 

• законът на Раул е валиден. 

Тези опростявания не са необходими за оп-

ределяне на геометричния размер на колоната, 



 

39 

те значително опростяват процедурите по 

оразмеряване на идеални или неидеални сис-

теми.  

Гореспоменатите допускания позволяват 

да се определят няколко важни проектни пара-

метри чрез просто построяване на диаграма на 

МакКебе и Тиле. Тези параметри включват 

броя на теоретичните етапи, минималния брой 

теоретични етапи и минималното флегмово 

число. Този метод е може би най-лесният за 

усвояване и прилагане към бинарни системи, 

тъй като не изисква итеративни изчисления, 

нито включва енталпийни баланси (въпреки че 

може да бъде модифициран, за да ги включва, 

когато не се приема постоянен моларен поток). 

Всъщност този подход е подходящ за гра-

фична визуализация на по-продължителни из-

числения. 

 

Изчисляване на работните линии 

 

Кривата на равновесието може да се опре-

дели така че,  да опише равновесното съотно-

шение между течните и парните компоненти, 

които напускат колоната във всеки етап. При 

графичното проектиране на тарелкова колона 

обаче е необходимо да се разработи работна 

линия, която да свързва преминаващите течни 

и парни потоци между всяка теоретична та-

релка. Всъщност работната линия е тази, която 

осигурява математическа зависимост, опис-

ваща работните условия в апарата. В следва-

щия анализ ще бъдат разработени работни ли-

нии, както за участъка за обогатяване с ЛЛК, 

така и за участъка за обедняване на ЛЛК. 

На Фиг. 1 е показана схемата на секторите 

в ректификационната колона. 

 

 
 

Фиг.1. Ректификационна колона 

I – Материален баланс около обогатяващия 

сектор; II – Материален баланс около обедня-

ващия сектор; III – Материален баланс за ця-

лата колона 

 

Общият материален баланс се записва за 

сектор I в секцията за обогатяване по следния 

начин: 

𝑉 = 𝐿 + 𝐷   /1/ 

 

Това уравнение е свързано с издигащите се 

пари (V), стиащия се течен поток (L) и събра-

ния дестилат (D). Материалният баланс за ле-

кия компонент А се записва по следния начин: 

𝑉. 𝑦𝑛+1 = 𝐿. 𝑥𝑛 + 𝐷. 𝑥𝐷  /2/ 

 

Полученият израз може да се представи 

като уравнение на права: 

𝑦𝑛+1 =
𝐿

𝑉
. 𝑥𝑛 +

𝐷

𝑉
. 𝑥𝐷,  /3/ 

където 
𝐿

𝑉
 е наклонът на работната линия. 

 

Стойността L/V се определя като флегмо-

вото число е, което е съотношението между 

молния дебит на течния поток (връщащ се в 

горната част на колоната) и молния поток на 

парите (излизащи от горната част на коло-

ната). След извършване на преобразувания и 

заместване на определението за флегмовото 

число 𝑅 = 𝐿/𝐷, се получава израз за работна 

линия на обогатяващата част на колоната: 

𝑦𝑛+1 =
𝑅

𝑅+1
. 𝑥𝑛 +

𝑥𝐷

𝑅+1
  /4/ 

 

По подобен начин може да се изведе и израз 

за работната линия за обедняващата част на 

колоната. Общият материален баланс около 

сектор II, в участъка за обедняване е: 

𝐿 = 𝑉 + 𝐵   /5/ 

Компонентният баланс на по-лекия компо-

нент в секцията за обедняване може да се пре-

нареди, за да се получи уравнение, аналогично 

на уравнение /4/: 

𝑦𝑚+1 =
𝐿

𝑉
. 𝑥𝑚 +

𝐵

𝑉
 . 𝑥𝑤  /6/ 

 

Чрез подобни преобразувания и като се из-

ползва определението за коефициента на ки-

пене 𝑅𝑤  =  𝑉/𝐵, може да се разработи уравне-

ние за работната линия за обедняващата част 

на колоната: 

𝑦𝑚+1 =
𝑅𝑤+1

𝑅𝑤
. 𝑥𝑚 +

𝑥𝑤

𝑅𝑤
   /7/ 

 

Топлосъдържанието на подаваната суро-

вина оказва голямо влияние върху работата на 
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колоната. Установено е, че е изгодно ефектът 

от топлинното състояние на началната захран-

ваща смес да се представи графично на диаг-

рамата на МакКебе и Тиле [6, 7]. Ако сурови-

ната е преохладена, тя ще кондензира и част от 

издигащите се пари през обедняващата част на 

колоната; ако е прегрята - тя ще изпари част от 

течността, която се стича по обогатяващата 

част на колоната.  В повечето случаи захранва-

нето е или с наситена течност, или с наситена 

пара, или с наситена двуфазна смес.  

 
Фиг.2. Работа на стандартна захранваща 

тарелка с наситено захранване [6] 

 

Фигура 2 илюстрира работата на стандар-

тна захранваща тарелка с наситено захранване, 

където 𝐹𝐿 е моларният дебит на течната част 

на захранването, а 𝐹𝑉 е молния дебит на пар-

ната част в захранващата смес.  За целите на 

настоящото обсъждане захранващият поток 

може да бъде наситена течност (𝐹𝑉 = 0), наси-

тена пара (𝐹𝐿 = 0) или наситена двуфазна смес 

(𝐹 = 𝐹𝐿 + 𝐹𝑉). Когато захранващият поток е 

наситена течност (𝐹𝑉 = 0) и има енталпия, 

равна на тази на сместа върху захранващата 

тарелка, захранващият поток ще потече изцяло 

в обедняващата част на колоната, така че  𝑉 =

 𝑉  и 𝐿 =  𝐿 +  𝐹𝐿. Когато захранването е наси-

тена пара (𝐹𝐿 = 0), захранването ще премине 

изцяло в секцията за обогатяване, така че 𝐿  =

 𝐿 и 𝑉 =  𝑉  +  𝐹𝑉. Когато захранването е наси-

тена двуфазна смес (𝐹 = 𝐹𝐿 +  𝐹𝑉), получе-

ните течни и парни потоци, напускащи захран-

ващата тарелка се определят съответно от 𝐿 =

 𝐿 +  𝐹𝐿и 𝑉 =  𝑉  +  𝐹𝑉. 

Общият баланс на материалните потоци 

около захранващата тарелка се определя [8-10] 

от изразите: 

𝐹 + 𝑉 + 𝐿 = 𝑉 + 𝐿  /8/ 

𝐹 + (𝑉 − 𝑉) = (𝐿 − 𝐿)  /9/ 

 

Балансът на енталпията (H), при който се 

пренебрегват загубите на топлина към окол-

ната среда и всички ефекти на енталпията на 

смесване е: 

𝐹𝐻𝐹 + 𝑉𝐻𝑉 + 𝐿𝐻𝐿 = 𝑉𝐻𝑉 + 𝐿𝐻𝐿     /10/ 

където 𝐻𝑖 – молната енталпия на i-тия поток 

при температура и налягане на потока при зах-

ранващата тарелка. 

Тъй като 𝐻𝑉 ≈ 𝐻𝑉 и 𝐻𝐿 ≈ 𝐻𝐿, уравнение 

/10/ приема вида: 

𝐹𝐻𝐹 + 𝐻𝑉(𝑉 − 𝑉) = 𝐻𝐿(𝐿 − 𝐿)       /11/ 

 

След преобразувания можем да определим 

условието за захранване  𝑞: 

𝑞 =
𝐿−𝐿

𝐹
=

𝐻𝑉−𝐻𝐹

𝐻𝑉−𝐻𝐿
                /12/  

 

Коефициентът q се определя като моловете 

течност, постъпващи в обедняващата част на 

колоната, които се получават от един мол зах-

ранване в колоната. Например, когато захран-

ването е наситена течност, всеки мол захран-

ваща течност, влизащ в колоната, се добавя ди-

ректно към потока на течността в обеднява-

щата част. Следователно коефициентът q е ра-

вен на единица. Обратно - когато суровината е 

наситена пара, всеки мол суровина, постъпващ 

в колоната, се добавя директно към парата, ко-

ято постъпва в обогатяващата част.  

В случая на преохладена захранваща смес, 

стойността на q се определя от: 

𝑞 = 1 +
𝐶𝑃,𝐿(𝑇𝑏−𝑇𝐹)

𝜆
             /13/ 

 

където 𝑇𝐹 – температура на захранаващата 

смес; 𝑇𝑏 – температура на мехурообразуването 

на захранващата смес; 𝐶𝑃,𝐿 - средният топли-

нен капацитет при постоянно налягане на теч-

ното захранване, 𝜆  - скритата енталпия на из-

парение на захранването при  𝑇𝐹.  

Аналогично стойността на q може да се из-

числи за прегрята суровина по уравнение (14): 

𝑞 = −
𝐶𝑃,𝐿 (𝑇𝐹−𝑇𝑑)

𝜆
  /14/ 

 

където: 𝑇𝑑 -  температурата на точката на оро-

сяване на подаваното вещество, а 𝐶𝑃,𝐿 - сред-

ният топлинен капацитет при постоянно наля-

гане на подаваната пара. 

Някои изследователи предпочитат да из-

ползват коефициент f,  определен като: 

              𝑓 = 1 –  𝑞   /15/ 

 

Стойностите на q и f са обобщени и предс-

тавени в Таблица 1. 
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Таблица 1. Стойности на коефициентите q 

и f според вида на захранващата смес 

 

Вид захранва-

щата смес 

q f 

преохладена 

течност 

>1 <0 

наситена теч-

ност 

1 0 

наситена дву-

фазна смес 

>0, <1 >0,<1 

наситена пара 0 1 

прегрята пара <0 >1 

 

Параметърът q определя и точката на пре-

сичане на двете работни линии на диаграмата 

на МакКебе и Тиле. Уравненията на работните 

линии в точката на пресичане са съответно: 

𝑉. 𝑦𝑛 = 𝐿. 𝑥𝑛−1 + 𝐷. 𝑥𝐷  /16/ 

𝑉. 𝑦𝑚 = 𝐿. 𝑥𝑚−1 + 𝐵. 𝑥𝑤 /17/ 

 

След проведени преобразувания получа-

ваме: 

𝑦(𝑉 − 𝑉) = 𝑥(𝐿 − 𝐿) + 𝐷. 𝑥𝐷 + 𝐵. 𝑥𝑊   /18/ 

 

Общият материален баланс по компоненти 

е: 

𝐹. 𝑥𝐹 = 𝐷. 𝑥𝐷 + 𝐵. 𝑥𝑊  /19/ 

(𝑉 − 𝑉) = 𝑥(𝐿 − 𝐿) + 𝐹. 𝑥𝐹 /20/ 

 

Тъй като (𝐿 − 𝐿) = −𝑞. 𝐹 и (𝐿 − 𝐿) =

𝐹(1 − 𝑞), получаваме: 

𝐹𝑦(1 − 𝑞) = 𝑥(−𝑞𝐹) + 𝐹. 𝑥𝐹 /21/ 

Полученият можем да запишем спрямо y :  

𝑦 =
𝑞

𝑞−1
𝑥 −

𝑥𝐹

𝑞−1
  /22/ 

 

За дадено състояние на захранване (𝑥𝐹 и q 

са фиксирани) уравнение (22) се нанася като 

права линия върху диаграмата на МакКебе и 

Тиле и се нарича линия q. Заместването на 𝑥𝐹 

за x в уравнение (22) води до 𝑦 =  𝑥𝐹, което 

показва, че q-линията пресича диагоналната 

линия 𝑦 =  𝑥 в точката (𝑥𝐹, y). Двете работни 

линии и линията q се пресичат в обща точка, 

която обикновено се приема за местоположе-

нието на захранващата тарелка. Примери за 

наклона и пресечната точка y за петте общи ус-

ловия на подаваната смес от Таблица 2 са 

обобщени и представени в Таблица 3. 

 

 

 

 

 

Таблица 3  

Вид захран-

ваща смес 

наклон на 

q - линия 

пресечена 

точка на y 

преохладена 

течност 
< ∞, > 1 <0 

наситена теч-

ност 
∞ ∞ 

наситена дву-

фазова смес 

<0 > 𝑥𝐹 

наситена пара 0 𝑥𝐹 

прегрята пара >0, <1 >0, <𝑥𝐹 

 

На Фиг.3 е показана q-линия за всеки от 

горните пет общи случая. Трябва да се отбе-

лежи, че за дадена работна линия при ректи-

фикация, намаляването на енталпията на зах-

ранването увеличава q, което ще промени броя 

на теоретичните стъпала, необходими за раз-

деляне във всяка секция. Например може да се 

покаже, че при все по-прегрята суровина е не-

обходим по-голям брой тарелки в обогатява-

щата част в сравнение с обедняващата. В слу-

чай на все по-охладена течна суровина са не-

обходими повече тарелки в обедняващата част 

на колоната. 

 
Фиг.3.  Примери за изобразяване на q-линия в 

общите случаи 

 

Оптималната теоретична захранваща та-

релка се определя като стъпалото на диагра-

мата на МакКебе и Тиле, което се намира в 

пресечната точка на двете работни линии. На 

Фиг.4 е представена типична диаграма на Мак 

Кебе и Тиле. 
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Фиг.4. Диаграма на МакКебе и Тиле 

 

Понятието за пълна флегма се използва, за 

да се определи теоретичният минимален брой 

етапи, които са възможни за дадено разделяне. 

При това условие флегмавото число 𝑅 =  𝐿/𝐷, 

е равно на безкрайност, тъй като дестилацион-

ният поток се приближава до нула. Коефици-

ентът на кипене 𝑅 𝑤 =  𝑉/𝐵, също става безк-

раен, тъй като кубовият остатък се прибли-

жава до нула. В резултат на това дебитът на 

подаване F, също е равен на нула. При пълна 

флегма броят на тарелките в колоната достига 

минималната си стойност. Физическата интер-

претация на това явление е, че с увеличаването 

на количеството на флегмата и кипенето, се 

повишава способността на колоната да извър-

шва обогатяване и обедняване. Това засилено 

обогатяване и обедняване на ЛЛК води до не-

обходимостта от по-малко тарелки, върху ко-

ито да контактуват течните и парните потоци. 

В крайна сметка при пълна флегма броят на 

необходимите тарелки достига минималната 

си стойност.  

За да се оцени графичната интерпретация 

на това явление, първо трябва да се отбележи, 

че всеки от триъгълниците, образувани между 

кривата на равновесието и работната линия на 

диаграмата на МакКебе - Тиле представлява 

един теоретичен етап Фиг.4. С приближава-

нето на R и RB към безкрайност уравненията (4) 

и (7) се приближават към 𝑦𝑛+1  =  𝑥𝑛. Следо-

вателно работните линии както за обогатява-

щата част, така и за обедняващата част "се сри-

ват" до линията 𝑦 =  𝑥.  В резултат на това ли-

нията q изчезва и теоретичните етапи се откъс-

ват между кривата на равновесието и линията 

45°, която дава минималния брой теоретични 

етапи. Тъй като дебитите на захранването, дес-

тилата и дъното са равни на нула, когато се ра-

боти при пълна флегма, този минимален брой 

не се използва в реалните приложения; вместо 

това той трябва да се разглежда като граничен 

случай. 

Случаят на минимално флегмово число  

(Rmin) представлява алтернативната крайност 

на пълна флегма. При това условие флегмо-

вото число е с най-ниската възможна стойност. 

Следователно способностите на колоната за 

обогатяване и обедняване на ЛЛК са намалени 

до такава степен, че са необходими безкраен 

брой тарелки  над и под захранващата тарелка, 

за да се осъществи желаното разделяне на про-

дуктите.  

 

Построяване на диаграмата на МакКебе 

и Тиле[7; 8; 10] 

      

По-долу е описана подробна процедура 

"стъпка по стъпка" за проектиране на ректифи-

кационна колона чрез графичния метод на 

МакКебе и Тиле. За да се построи диаграмата, 

обикновено се правят някои опростяващи до-

пускания: 

     1. На всяка тарелка издигащите се пари и 

стичащата се течност са в термодинамично 

равновесие пари-течност; 

     2. Постоянни молни дебити на потоците (за 

да се заобиколят балансите на енталпията и 

кривите работни линии); 

     3. Валиден е законът на Раул (двукомпонен-

тната смес се приема за идеална). 

За да се приложи графичният метод на Мак 

Кеб и Тиле, първо трябва да се построи равно-

вестната линия  𝑦 = 𝑓(𝑥). След нейното пост-

рояване се извършват следните дейтвия:  

     1. Построяваме линията 𝑦 =  𝑥 (линията 

45°), намираме и поставяме съставите на дест-

лата 𝑥𝐷   и казания остатък 𝑥𝐵;  

     2. Начертаваме линията q. Тази линия се оп-

ределя по ур-е /22/. Линията q се начертава, 

като се започне от точката (𝑥𝐹) на линията 45° 

и се удължава, докато достигне кривата на рав-

новесието; 

     3. Определя се 𝑅𝑚𝑖𝑛, като се прокара права 

линия между точката (𝑥𝐷   ) и точката, в която 

q-линията пресича кривата на равновесието. 

Това положение съответства на минималното 

флегмово число при дадения състав на захран-

ващата смес и желания състав на дестилата. 

При минимално флегмово число  броят на те-

оретичните тарелки се приближава до безк-

райност. Стойността на 𝑅𝑚𝑖𝑛 може да се опре-

дели, като се отчете пресечната точка 𝑦𝑖𝑛𝑡   на 

тази линия по уравнение /4/:  

𝑦𝑖𝑛𝑡 =
𝑥𝐷

𝑅𝑚𝑖𝑛+1
   /28/ 

Може да се представи и по следният този 

начин: 
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𝑅𝑚𝑖𝑛 =
𝑥𝐷

𝑦𝑖𝑛𝑡
− 1   /29/ 

    4. Изчисляване на оптималното флегмово 

число - R: 

𝑅 = 𝑚. 𝑅𝑚𝑖𝑛   /30/ 

      

Стойността на оптимизационния множител 

m обикновено зависи от вида на охлаждащата 

течност, използвана в дефлегматора; 

     5. След като се определи оптималната стой-

ност на R, може да се начертае работната ли-

ния на обогатяващата част на колоната. Най-

простият начин за графично изобразяване на 

тази линия е първо да се изчисли нейната пре-

сечна точка y, която се определя от уравнение 

/28/. След това се изчертава права линия 

между тази пресечна точка y и точката 𝑥𝐷; 

     6. Последната част от основната "рамка" на 

диаграмата е работната линия на обеднява-

щата част на колоната. Най-простият начин за 

построяване на тази линия е да се изчертае 

права между точка 𝑥Ви точката, в която обга-

тяващата работна линия пресича линията q; 

7. Следващата стъпка е да се изтрият 

всички линии и сегменти от линии, които мо-

гат да бъдат пренебрегнати. Това включва 

части от работната линия за горната част на 

колоната и q-линията, които се простират след 

мястото, където q-линията и двете работни ли-

нии се пресичат. 

8. След като основният контур е готов, ос-

тава само да се начертаят етапите на разде-

ляне, като се започне от точка 𝑥𝐷 и се про-

дължи хоризонтално наляво, докато линията 

достигне кривата на равновесие. В тази точка, 

следващият участък от линията трябва да про-

дължи право надолу (перпендикулярно на пре-

дишния участък, докато достигне работната 

линия). Този първи триъгълник представлява 

една теоретична тарелка в бинарната ректифи-

кационна колона. Тази процедура се повтаря 

(създавайки поредица от триъгълници между 

кривата на равновесието и работната линия), 

докато се достигне точката на пресичане на 

двете работни линии и q-линията. След като 

тарелката пресече тази точка, първата въз-

можна вертикална отсечка трябва да се про-

кара надолу до работната линия за обеднява-

щата част на колоната. Тарелката, при която 

отсечките преминават от работната линия за 

обогатяващата част към работната линия за 

обедняващата линия, се определя като захран-

ваща тарелка. След тази точка всички след-

ващи тарелки се прокарват между работната 

линия на обедняващата част на колоната и 

кривата на равновесие. Последната теоретична 

тарелка трябва да се начертае така, че точно да 

минава през точката 𝑥В, тъй като рядко се 

случва на последната тарелка да се достигне 

точен състав на казания остатък.  

В случай на частичен изпарител послед-

ният (най-долният) триъгълник е представите-

лен за него. Ако се използва частичен конден-

затор, първият (най-горният) триъгълник е 

представителен за кондензатора. Ако се изпол-

зва пълен изпарител и/или пълен кондензатор, 

те не се считат за равновесни етапи, а съответ-

ните триъгълници се считат за теоретични та-

релки. 

       

Софтуерно обезпечаване построяването 

диаграмата на МакКебе и Тиле за опреде-

ляне на теоретичните тарелки при разде-

ляне на двукомпонентна смес чрез ректи-

фикация 

 

Изготвянето на точна диаграма на МакКебе 

и Тиле, особено на ръка, е доста трудноемка 

задача. Ето защо в настоящата работа целим да 

покажем подход за създаване на диаграма на 

МакКебе и Тиле с помощта на Microsoft Excel 

[9]. 

Програмният продукт Microsoft Excel дава 

възможност да създаде софтуер за построява-

нето на тази диаграма в 58 стъпки: 

• Стъпки от 1 до 11 отразяват входни и 

изходни данни; 

• Стъпки от 12 до 17 - състави на течна 

и парна фаза за всяка тарелка;  

• Стъпки 18 до 43 - линии в диаграмата; 

• Стъпки 44 до 58 обхващат изчертава-

нето на самата диаграма; 

      

Описаната тук електронна таблица може 

да се използва за намиране на минималния 

брой етапи, Nmin. За да се реализира това, 

трябва да се зададе флегмово число RR на 

много висока стойност, например 1 000 000. 

Тогава обогатяващата работна линия ще има 

наклон от 0,999999, който се явява достатъчно 

близък до единица, за да представлява пълна 

флегма, а изчисленият брой етапи ще бъде ра-

вен на Nmin. За стойностите на α, xf, q, xd, xw и 

η, Nmin = 3,8066.... 

Горепосоченият резултат за минималния 

брой стъпала в комбинация с предишния ре-

зултат за мимално флегмово число показва 

следните важни заключения за връзката между 

броя на стъпалата, флегмовото число и иконо-

мичността на процеса: 
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𝑁 ~Конструктивни разходи ∶ 0 < 𝑁𝑚𝑖𝑛 < 𝑁
< ∞ 

𝑅𝑅 ~ Експлоатационни разходи: ∞ > 𝑅𝑅
> 𝑅𝑅𝑚𝑖𝑛 > 0 

Общи разходи ∶  ∞ > $ < ∞  
 

Колкото повече са тарелките, толкова по-

скъпо ще бъде изграждането на колоната; кол-

кото по-голяма е стойността на флегмовото 

число, толкова по-високи ще бъдат разходите 

за експлоатационни разходи (за охлаждане на 

кондензатора и отопление на изпарителя). 

Така, между минималния брой стъпала и ми-

нималното флегмово число, ще бъдат иконо-

мически оптималните условия за колоната 

(показани качествено с "$").  Точното изчерта-

ване чрез софтуера позволява по-обхватно 

проектиране на ректификационните колони. 

Начин на изпълнение: Стартираме от на-

личния офис пакет програмния продукт MS 

Excel, след което отиваме и кликваме на file-

open-browse и избираме да се отвори файла 

McCabe-Thiele diagram.xlsm 

Нека по детайлно да разгледаме файла, 

който се визуализира на екрана. В лявата част 

е поместено карето, в което се въвеждат вход-

ните данни за разделяната двукомпонентна 

течна смес  и за границите на разделяне: отно-

сителна летливост, молни състави на начал-

ната смес, дестилата и казанния остатък, под 

каква форма постъпва на начална смес, стой-

носттите  на флегмовото число и КПД по 

Мърфи. 

 

 
Фиг.5. Входни данни 

 

Под карето на входните данни е полето за 

изходните данни. В него се изчисляват пресе-

чената точка на захранващата линия с равно-

весната линия, пресечената точка на захранва-

щата линия с работната линия, минималното 

флегмово число, изчисления брой на теоре-

тични тарелки/ограничен до 50 бр./ и номера 

на захранващата тарелка. 

 

 
 

Фиг. 6. Изходни данни 

 

След въвеждане на входните данни за изб-

рана смес, автоматично се построява диагра-

мата на МакКебе и Тиле и се изчислява общия 

брой на теоретичните тарелки, определя се но-

мера на захранващата тарелка, работните и 

равновесни линии и техните параметри. Из-

числяват се съставите по течна и парна фаза за 

всяка тарелка. 
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Фиг.7. Визуализация на изчисляването на броя на теоретичните тарелки по метода на МакКебе 

и Тиле 

 

Заключение 

 

Методът на МакКебе и Тиле е доста удобен 

за оразмеряване на ректификационни колони 

за разделяне на двукомпонентни смеси. При 

него се използват кривите на равновесие 

между парите и течностите, за да се определи 

теоретичният брой стъпала, необходими за 

разделянето на дадена бинарна система. Тези 

диаграми обаче се чертаят трудно и отнемат 

много време, за да се изготвят точно на ръка.  

На базата на графичния метод на МакКебе 

и Тиле за определяне броя на тероретичните 

тарелки при ректификация на двукомпонентни 

смеси е създаден софтуер за изчертаване на 

диаграмата на МакКебе и Тиле с помощта на 

програмния продукт Microsoft Office 2016.  
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ABSTRACT: Eutrophication is one of the serious types of water pollution which is actually a very slow, nat-

ural process but can be greatly accelerated by anthropogenic activities that increase the rate of input of nutrients 

such as nitrogen and phosphorus into aquatic ecosystems. Adsorption methods and phytoremediation are widely 

used to remove certain contaminants from water. In this paper various biosorbents are described for effective 

removal of nitrogen and phosphorus from aqueous solutions. 
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Въведение 

 

Еутрофикацията е процес както от естест-

вен, така и от антропогенен произход [1], 

който е дефиниран по много начини, вариращ 

от естествено стареене на водното тяло до еут-

рофен статус [2].  

Свръхзависимостта на човешкото населе-

ние от употребата на нитратни и фосфатни то-

рове за селскостопанско производство, изпол-

зването на детергенти, както и заустването на 

непречистени отпадъчни води се разглеждат 

като основни източници на замърсяване на 

екосистемите [2].  

Някои от естествените водни обекти губят 

своята устойчивост и капацитета си за самоп-

речистване с течение на времето. Това е свър-

зано с натрупване на големи количества седи-

ментен слой и съответно до намаляване на сво-

бодния обем на водния стълб. Вследствие на 

тези процеси в седиментите се натрупват го-

леми количества нитрати и фосфати, които са 

предпоставка за взаимодействие между храни-

телните вещества в седимента и водната рас-

тителност. Това улеснява процеса на еутрофи-

кация и води до по-нататъшното влошаване на 

качеството на водата. 

Климатичните промени и обилните валежи, 

са едни от ключовите фактори, който водят до 

допълнително натоварване на водоприемни-

ците с хранителни вещества [2].    

Последствията от еутрофикацията и преко-

мерен цъфтеж на водната растителност (фи-

топланктон като зелени водорасли, диатомеи и 

цианобактерии [3] водят до помътняване на 

водата и до намаляване на скоростта на фото-

синтезата, което от своя страна стимулира 

производството на токсини и създаването на 

„мъртва“ зона във водната екосистема [4-10]. 

Независимо от вида на сладководните еко-

системи, нуждите на водораслите от азот, фос-

фор и въглерод се изразяват в съотношението 

на Редфийлд, което е както следва - 40C:7N:1P. 

Това съотношение изразява количеството азот 

и фосфор, от което се нуждаят водораслите за 

първично производство. В среда, в която азо-

тът или фосфорът са в излишък, популациите 

от фитопланктон имат потенциалните условия 

да се размножават. По-конкретно, фосфорът е 

идентифициран като най-важното хранително 

вещество за контролиране на еутрофикацията 

на сладководни системи. Съществува в раз-

лични форми, но ортофосфатът е единстве-

ният наличен вид за автотрофна асимилация 

[4]. 

Адсорбцията и фиторемедиацията намират 

приложение за селективно отстраняване на за-

мърсители от води. Прилагането на биосор-

бентите е едно иновативно екологично реше-

ние водещо да намаляване на еутрофикацията 

във водни екосистеми [11]. 
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Въз основа на техния произход, природ-

ните сорбенти са широко използвани и опре-

делени като естествени, биологични и такива 

получени от отпадъци [12]. 

 

�‡ �?�k�l�_�k�l�\�_�g�b���Z�^�k�h�j�[�_�g�l�b�� 
В природата присъстват различни матери-

али, които имат характеристики на адсорбент 

и са лесно приложими, като глина- серпентин, 

вермикулит, сеполит, илит, монтморилонит, 

сапонит и др; силициев материал- стъкла, си-

лициеви перли, доломит и перлит и др; 

зеолити- натролит, стилбит, филипсит, кли-

ноптилолит и др; 

   

�‡ �:�^�k�h�j�[�_�g�l�b���i�h�e�m�q�_�g�b���h�l���h�l�i�Z�^�t�p�b: 
Към тях спадат твърди отпадъци (активен 

въглен)-захарно цвекло, оризови люспи, царе-

вични кочани, ядкови черупки, плодови че-

рупки, дървени стърготини, прах от кора на иг-

лолистни борови дървета, отпадъци от гуми, 

утайки от отпадъчни води и др; и индустри-

ални отпадъци-пепел от въглища, червена кал, 

утайки от метален хидроксид и др. 

 

�‡ �;�b�h�e�h�]�b�q�g�b���Z�^�k�h�j�[�_�g�l�b�� 
Те произхождат предимно от нисшите рас-

тения и микроорганизми, като различни гъби, 

водорасли, дрожди, бактерии и дори черупки 

на висши животни. Те имат силен афинитет 

към различни замърсители, присъстващи във 

водните и почвените екосистеми. Към тях спа-

дат също хитин и хитозан, торф, цианобакте-

рии и др. 

Адсорбцията се счита за икономичен и 

ефективен метод за отстраняване на амоний 

(N-NH₄) от води. Редица адсорбенти като би-

овъглен, активен въглен, зеолит със и без мо-

дификация са приложени за отстраняване на 

амоний. В настоящата статия е използван би-

овъглен като евтин адсорбент за намаляване на 

еутрофикацията и по специално модифициран 

биовъглен приготвен от царевични кочани за 

отстраняване на амоний. Кинетиката на адсор-

бцията следва кинетичния модел от псевдов-

тори ред. Моделите на Langmuir-Sips могат да 

симулират добре поведението на адсорбция на 

амония върху модифициран биовъглен. Пос-

тига се най-висок адсорбционен капацитет от 

22,6 mg/g на амоний върху модифицирания 

биовъглен чрез накисване в 6M HNO₃ и 0.3M 

NaOH съответно за 8 и 24 часа. Стратегията за 

модификация е популярен метод за промяна на 

активната повърхност и подобряване на ефек-

тивността на процеса [13]. 

В настоящата статия авторите съобщават за 

модификация на биовъглен чрез функцио-

нални добавки като метали, метални оксиди 

или метални хлориди за повишаване на макси-

малния му адсорбционен капацитет [14]. 

Разработването на прости и рентабилни ме-

тоди за модифициране на биовъглен с естест-

вени минерали като вермикулит представлява 

друга алтернатива за повишаване на адсорбци-

ята спрямо фосфати. В настоящата разработка 

авторите докладват за отстраняване на фосфат 

от воден разтвор чрез нанокомпозити SiO₂-

биовъглен, получени чрез пиролиза на био-

маса от водорасли, третирана с вермикулит. 

Този материал показва висока ефективност 

при отстраняването на фосфати от 159,42 mg/g 

в сравнение с немодифициран биовъглен 

[15,16]. 

В настоящата статия [17] е използван ком-

позит от зеолит-биовъглен за отстраняване на 

фосфат от воден разтвор, за да се повиши ад-

сорбционната способност на зеолита тъй като 

е известно, че зеолита има отлична адсорбци-

онна способност за отстраняване на катионни 

замърсители от водата за сметка на нисък афи-

нитет към аниони като фосфор. Използвания 

зеолит е в минералогичен състав - клинопти-

лолит- 66,3%, монтморилонит- 29,3% и кварц- 

4,4%. Фосфорът е отстранен чрез пиролизиран 

зеолит и царевична слама в масово съотноше-

ние 7:3. Максималната адсорбционна способ-

ност на зеолит-биовъглен е съответно 0,69, 

3,60 и 2,41 mg/g. 

Също така за  отстраняване на нитрати е из-

ползван топлинно модифициран клиноптило-

лит с HCl 20 % - на, в продължение на 3 часа 

за отстраняване на карбонати и примеси при-

състващи в структурата на зеолита и увелича-

ване на неговата порьозност. Авторите са ус-

тановили оптимални условия за отстраняване 

на нитратите pH=5, контактно време 180 мин. 

и количество на адсорбента 16 g/l. Кинетиката 

на адсорбция следва моделите на Langmuir и 

псевдопърви ред [18]. 

Докладвано е изследване на синтетичен 

зеолит Na-A получен от египетски каолинит 

чрез хидротермално третиране, за да се изпол-

зва като адсорбент за отстраняване на фосфат 

от водни разтвори. Оптималното използване 

на зеолита Na-A е при pH=4, първоначална 

концентрация на фосфатни аниони 5mg/l и 

време на контакт от 3 часа, оптималната ефек-

тивност на отстраняване на фосфат от воден 
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разтвор е  60 % [19]. В таблица 1 са предста-

вени експериментални резултати за редукция 

на N-NH₄⁺ и P-PO₄³ ̄ чрез природни адсорбенти.  
 

Таблица.1. Резултати от намаляване на 

концентрацията N-NH₄⁺,  NH3 и  P-PO₄ ³  ̄чрез 

природни порести материали  
 

 
Адсорбент 

 

Замър-

сител 

Макси-

мален 

адсорб-

ционен 

капаци-

тет,  

mg/g 

 
Кон-

тактно 

време, 

h 

 

Литера-

тура 

Модифици-
ран биовъг-

лен пригот-
вен от ца-

ревични ко-

чани 

 
N- NH₄ 

 
22,6 

 
8/24 

 
[13] 

Композит 
от зеолит-

биовъглен 

oт  царе-
вична 

слама 

 

PO₄ ³ ̄ 

 

3,60 

 

1 

 

[17] 

Модифи-
царан кли-

ноптилоли-

тен зеолит 

 

NO₃ 

 

16 

 

3 

 

[18] 

Синтетичен 
зеолит Na-

A от еги-

петски као-
линит 

 
PO₄ ³ ̄ 

 
53 

 
4,5 

 
[19] 

 

В експериментално проучване се съобщава, 

че макрофити от вида водна леща Duckweed, 

ефективно отстраняват 75 % от фосфата в тре-

тираната вода. Докато при отстраняването на 

амоняк и нитратен азот няма разлика при при-

съствие на  водна лещa в езерната вода [20]. 

Микроводорасли от вида Chlorella sp. и 

Scenedesmus sp. са изолирани от общински от-

падъчни води и култивирани в изкуствена 

среда и са използвани за отстраняване на амо-

ниев азот и ортофосфати. Ефективността на 

отстраняване на N-NH₄⁺ при Chlorella sp е 81% 

след 1,25 часа и 98,81 % след 4 часа, докато 

ефективността на отстраняване на P-PO₄ ³  ̄ е 

77,4 % след 1,25 часа и 100 % след 4 часа.Съ-

ответно  при Scenedesmus sp. ефективността на 

отстраняване на N-NH₄⁺ е 99,1 % след 1,75 часа 

и 100 % след 2,25 часа докато ефективността 

на отстраняване на P-PO₄ ³ ̄  е 100% след 0,25 

часа [21,22]. В таблица 2 са представени екс-

периментални резултати от редукция на NH₄⁺ 

и P-PO₄³ ̄ чрез макрофити и цианобактерии. 

Таблица.2. Резултати от намаляване на N-

NH₄⁺ и P-PO₄ ³ ̄ чрез макрофити/цианобакте-

рии 

 

     

Също така са направени лабораторни екс-

перименти за изследване на усвояването на 

азот и фосфор от зелени микроводорасли 

Scenedesmus quadricauda. Използвани са раз-

лични форми на микроводораслото, т.е. сво-

бодно, имобилизирано и съвместно имобили-

зирано микроводорасло в натриев алгинат. 

Проучването разкрива, че максималният про-

цент на отстраняване на 1 mg/l амоняк и фос-

фат достига до 100% и 86% съответно след 4 

дни с използване на свободни микроводо-

расли, а за отстраняването на 5mg/l амоняк и 

фосфат, достига съответно 91,8% след 4 дни и 

61% след 6 дни. Процентът на отстраняване е 

увеличен чрез добавяне на стимулиращи рас-

тежа на микроводораслите бактерии- 

Azotobacter chroococcum и Bacillus 

megatherium, където капацитетът на отстраня-

ване достигна до 100% за амоняк и 80,4% за 

фосфат след 3 и 6 дни, и съответно 100% отст-

раняване на амоняк и 61% фосфат след 4 и 6 

Макрофити/ 

Цианобакте-

рии 

 

За-

мър-

сител 

 

Про-

цен-

тно 

пре-

мах-

ване, 

% 

 

Кон-

так-

тно 

време, 

h 

 

Лите-

ра-

тура 

 

Chlоrella sp. 

N-

NH₄⁺ 
81 1,25 

[21] 

 

 

[22] 

 

P-PO₄ 

³ ̄ 

 

 

100 

 

 

4 

 

 

Scenedesmus 

sp 

 

 

N-

NH₄⁺ 

 

 

100 

 

2,25 

 

P-PO₄ 

³ ̄ 

100 

 

 

0,25 

 

Scenedesmus 

quadricauda 

NH₃ 100 

96 [23] 
P-PO₄ 

³ ̄ 
86 

PO₄ 

 

 

80 
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дни чрез използване на имобилизирано микро-

водорасло [21]. 

В друго изследване е  оценена адсорбцион-

ната способност на микроводораслите  Spir-

ulina platensis и Chlorella vulgaris при отстра-

няването на нитрати и фосфати във водни 

разтвори в три различни концентрации (0,25, 

0,35 и 0,45g/l). По време на периода на растеж 

концентрацията на нитрати и фосфати се ана-

лизира през 1, 4, 6 и 8 ден. Най-ефективно от-

страняване на нитрати е получено на 8-ия ден 

за Chlorella vulgaris съответно 89,80% при 

третиране с 0,25g/l, за Spirulina platensis то е 

81,49% при третиране с 0,25g/l концентрация 

на нитрати. Относно нитратите се наблюдава 

аналогична тенденция за отстраняване на фос-

фати със Spirulina platensis  тя е 81,49% при 

третиране с 0,45g/l, а с използането 

на Chlorella vulgaris е 88% при третиране с 

0,45g/l концентрация на фосфати [24]. 

Пет водни макрофита - Acorus calamus, 

Lythrum salicaria, Monochoria korsakowii 

Alisma orientale и Sagittaria sagittifolia са тест-

вани за относителна скорост на растеж  и спо-

собности за отстраняване на общия азот и об-

щия фосфор. Резултатите показват, че A. 

calamus, L. salicaria, M. korsakowii и A.orientale 

имат по-силна абсорбционна способност да 

отстраняват общия азот, степента на отстраня-

ване е съответно 97,7%, 94,9%, 96,4%, 91,2%. 

A. calamus и L. salicaria имат по-силна способ-

ност да премахват общия фосфор, степента на 

отстраняване е 96,1% и 83,4%. Редът на капа-

цитета за пречистване на общия азот е: A. 

calamus > M. korsakowii > L. salicaria > A. 

plantago-aquatic> S. sagittifolia. Но за общия 

фосфор  редът е  A.calamus > L. salicaria > M. 

korsakowii >A.orientale> S.sagittifolia, както е 

показано на фигура 1 и 2  [25]. 

Проведени са лабораторни експерименти за 

изследване на скоростта на растеж и усвоява-

нето на нитрати и фосфати от свободни и имо-

билизирани клетки на, азотфиксиращи циано-

бактерии Gloeocapsa gelatinosa. Имобилизаци-

ята се извършва в матрица от калциев алгинат.  

Установено е, че имобилизираните клетки са 

много ефективни при отстраняването на хра-

нителни вещества. Около 93% от нитрата се 

адсорбира от имобилизирани клетки в рамките 

на 24 часа, докато зърната без водорасли и сво-

бодните клетки адсорбират съответно само 

46% и около 70%. В рамките на 24 часа, 80% 

от фосфата се адсорбира от имобилизираните  

клетки [26]. 

    

Фиг.1. Отстраняване на NO3 чрез макро- 

фити/ цианобактерии 

 

        

     

Фиг.2. Отстраняване на PO4 чрез макро-

фити/ цианобактерии 

 

 

      

Заключение 

 

От проведеното проучване е установено, че 

биоадсорбционните методи са с висока ефек-

тивност и дават нужните резултати при нама-

ляване на еутрофикацията в сладководни еко-

системи. 

Тези иновативни екологични решения за 

подобряване качествата на водите, ще подле-

жат на бъдещи разработки и модификации. 

Комплексни качества като ефективни адсорб-

ционни материали имат Chlorella sp. и 

Scenedesmus sp., и различни макрофити, циа-

нобактерии, зеолити и биовъглени.  
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Бъдещата оптимизация на технологичните 

процеси за пречистване на води ще е свързана 

с рентабилността им и постигането на висока 

ефективност чрез подобряване на експлоата-

ционните им характеристики. 
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�B�e�b�y�g���D�h�e�_�\�����>�b�q�h���K�l�j�Z�l�b�_�\ 

 
BIBLIOGRAPHICAL RESEARCH ON PUBLICATIONS RELATED TO THE THEORY AND 

APPLICATION OF INTERCRITERIA ANALYSIS  
 

Iliyan Kolev, Dicho Stratiev 
 

ABSTRACT: This study analyzes publications related to the theory and application of intercriteria analysis 
(ICrA) from 2014 to 2024. Over a period of 10 years, 137 studies have been published on ICrA in the following 
fields of human knowledge: science, industry, medicine, economics, agriculture, social sciences, and ecology. The 
relative proportion of published research using ICrA is as follows: science, 43%; industry, 22%; medicine, 17%; 
economics, 8%; ecology, 6%; agriculture, 3%; and social sciences, 1%. The largest economic impact of ICrA has 
been recorded in the oil refining industry, which amounts to about 18 million USD/month. 

Key words: intercriteria analysis; science; industry; ecology; agriculture; medicine 
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�B�g�l�_�j�d�j�b�l�_�j�b�Z�e�g�b�y�l�� �Z�g�Z�e�b�a�� ���,�&�U�$���� �H���l�_�o��

�g�b�d�Z�� �h�l�� �h�[�e�Z�k�l�l�Z�� �g�Z�� �b�a�\�e�b�q�Z�g�_�l�h�� �g�Z�� �^�Z�g�g�b��
���'�D�W�D���0�L�Q�L�Q�J�����b�e�b���h�l�d�j�b�\�Z�g�_�l�h���g�Z���a�g�Z�g�b�y���\���[�Z��
�a�b�l�_�� �^�Z�g�g�b�� ���.�Q�R�Z�O�H�G�J�H�� �'�L�V�F�R�Y�H�U�\�� �'�D�W�D�� �E�D�V�H�V������
�l���_�����d�Z�l�h���i�j�_�k�_�q�g�Z���l�h�q�d�Z���g�Z���b�a�d�m�k�l�\�_�g�b�y���b�g�l�_��
�e�_�d�l�����k�l�Z�l�b�k�l�b�d�Z�l�Z���b���k�b�k�l�_�f�b�l�_���a�Z���[�Z�a�b���^�Z�g�g�b����
�p�_�e�y�s�b�� �h�l�d�j�b�\�Z�g�_�l�h�� �g�Z�� �i�h�l�_�g�p�b�Z�e�g�h �i�h�e�_�a�g�b��
�f�h�^�_�e�b���\���]�h�e�_�f�b���h�[�_�f�b���h�l���^�Z�g�g�b���b�e�b�����m�f�_�k�l�g�Z��
�a�Z���g�Z�k���q�Z�k�l���h�l���b�g�n�h�j�f�Z�p�b�y�l�Z�����H�l�d�j�b�\�Z�g�_�l�h���g�Z��
�a�g�Z�g�b�y���\���[�Z�a�b�l�_���^�Z�g�g�b���b�f�Z���^�\�_���h�k�g�h�\�g�b���p�_�e�b����
�i�j�h�]�g�h�a�b�j�Z�g�_�� �b�� �h�i�b�k�Z�g�b�_���� �H�k�g�h�\�g�Z�l�Z�� �p�_�e�� �g�Z��
�h�i�b�k�Z�l�_�e�g�h�l�h�� �h�l�d�j�b�\�Z�g�_�� �g�Z�� �a�g�Z�g�b�y�� �\�� �[�Z�a�b�l�_��
�^�Z�g�g�b���_���^�Z���k�_���i�h�k�l�b�]�g�_���j�Z�a�[�b�j�Z�g�_���g�Z���Z�g�Z�e�b�a�b��
�j�Z�g�b�l�_�� �^�Z�g�g�b���� �d�Z�l�h�� �k�_�� �h�l�d�j�b�y�l�� �f�h�^�_�e�b�� �b��
�\�j�t�a�d�b�����B�g�l�_�j�d�j�b�l�_�j�b�Z�e�g�b�y�l���Z�g�Z�e�b�a���p�_�e�b���i�h�k��
�l�b�]�Z�g�_���g�Z���j�Z�a�[�b�j�Z�g�_���a�Z���k�t�s�_�k�l�\�m�\�Z�g�_�l�h���g�Z���k�l�Z��
�l�b�k�l�b�q�_�k�d�b���a�g�Z�q�b�f�b���\�j�t�a�d�b���f�_�`�^�m���j�Z�a�e�b�q�g�b�l�_��
�i�j�h�f�_�g�e�b�\�b�����k�t�k�l�Z�\�y�s�b���[�Z�a�Z�l�Z���^�Z�g�g�b�����d�h�b�l�h���\��
�i�h�k�e�_�^�k�l�\�b�_���k���i�h�f�h�s�l�Z���g�Z���j�_�]�j�_�k�b�h�g�_�g���Z�g�Z�e�b�a��
�b�e�b�� �b�a�d�m�k�l�\�_�g�b�� �g�_�\�j�h�g�g�b�� �f�j�_�`�b�� �^�Z���[�t�^�Z�l�� �b�a��
�i�h�e�a�\�Z�g�b�� �a�Z�� �k�t�a�^�Z�\�Z�g�_�l�h���g�Z�� �d�h�e�b�q�_�k�l�\�_�g�b�� �f�h��

�^�_�e�b�� �i�j�_�^�k�d�Z�a�\�Z�s�b�� �k�l�h�c�g�h�k�l�b�l�_�� �g�Z�� �h�i�j�_��
�^�_�e�H�g�b���^�Z�g�g�b�� �h�l�� �^�j�m�]�b�� �l�Z�d�b�\�Z���� �H�k�\�_�g�� �,�&�U�$�� �a�Z��
�b�a�k�e�_�^�\�Z�g�_�� �g�Z�� �k�t�s�_�k�l�\�m�\�Z�g�_�l�h�� �g�Z�� �k�l�Z�l�b�k�l�b��
�q�_�k�d�b���a�g�Z�q�b�f�b���\�j�t�a�d�b���f�_�`�^�m���j�Z�a�e�b�q�g�b�l�_���i�j�h��
�f�_�g�e�b�\�b�����k�t�k�l�Z�\�y�s�b���[�Z�a�Z�l�Z���^�Z�g�g�b���k�_���b�a�i�h�e�a�\�Z��
�b���d�h�j�_�e�Z�p�b�h�g�_�g���Z�g�Z�e�b�a�����L�h�c���b�a�f�_�j�\�Z���k�l�_�i�_�g�l�Z��
�g�Z���\�j�t�a�d�Z�l�Z���f�_�`�^�m���e�b�g�_�c�g�h���k�\�t�j�a�Z�g�b���i�j�h�f�_�g��
�e�b�\�b���� �<�j�t�a�d�Z�l�Z�� �f�_�`�^�m�� �^�\�_�� �i�j�h�f�_�g�e�b�\�b�� �k�_��
�k�q�b�l�Z���a�Z���k�l�Z�l�b�k�l�b�q�_�k�d�b���a�g�Z�q�b�f�Z���Z�d�h���d�h�_�n�b�p�b��
�_�g�l�t�l���g�Z���d�h�j�_�e�Z�p�b�y���5���•���������������K�t�s�_�k�l�\�_�g���g�_�^�h�k��
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�j�b�\�Z�� �g�Z�e�b�q�b�_�� �g�Z�� �k�l�Z�l�b�k�l�b�q�_�k�d�b�� �a�g�Z�q�b�f�b��
�\�j�t�a�d�b�� �f�_�`�^�m�� �i�j�h�f�_�g�e�b�\�b�l�_���� �Z�d�h�� �l�_�� �k�Z�� �e�b��
�g�_�c�g�b�����I�j�b���g�Z�e�b�q�b�_���g�Z���g�_�e�b�g�_�c�g�Z���\�j�t�a�d�Z���d�h�j�_��
�e�Z�p�b�h�g�g�b�y�l�� �Z�g�Z�e�b�a�� �f�h�`�_�� �^�Z�� �d�\�Z�e�b�n�b�p�b�j�Z��
�\�j�t�a�d�Z�l�Z�� �f�_�`�^�m�� �^�\�_�� �i�j�h�f�_�g�e�b�\�b�� �d�Z�l�h�� �k�l�Z�l�b�k��
�l�b�q�_�k�d�b���g�_�a�g�Z�q�b�f�Z�����<���L�Z�[�e�b�p�b�������������b�������k�Z���i�j�_�^��
�k�l�Z�\�_�g�b���b�a�k�e�_�^�\�Z�g�b���a�Z�\�b�k�b�f�h�k�l�b���h�l���e�b�l�_�j�Z�l�m��
�j�_�g�� �b�a�l�h�q�g�b�d�� �>���@���� �b�a�i�h�e�a�\�Z�c�d�b�� �d�h�j�_�e�Z�p�b�h�g�_�g��
�Z�g�Z�e�b�a�����L�Z�[�e�b�p�Z���������b���,�&�U�$���>���@�����L�Z�[�e�b�p�b�������b��������
�k�� �p�_�e�� �^�Z�� �k�_�� �b�^�_�g�l�b�n�b�p�b�j�Z�l�� �l�_�a�b�� �n�b�a�b�d�h�o�b��
�f�b�q�g�b�� �k�\�h�c�k�l�\�Z�� �g�Z�� �g�_�n�l�Z���� �d�h�b�l�h�� �b�f�Z�l�� �k�l�Z�l�b�k��
�l�b�q�_�k�d�b���a�g�Z�q�b�f�Z���\�j�t�a�d�Z���k���\�b�k�d�h�a�b�l�_�l�Z�� 
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�L�Z�[�e�b�p�Z���� �D�h�j�_�e�Z�p�b�h�g�g�Z���f�Z�l�j�b�p�Z���g�Z���^�Z�g�g�b�l�_���a�Z���n�b�a�b�d�h�o�b�f�b�q�g�b�l�_���k�\�h�c�k�l�\�Z���g�Z���������j�Z�a�e�b�q�g�b��
�k�m�j�h�\�b�� �i�_�l�j�h�e�b���� �b�a�i�h�e�a�\�Z�g�Z�� �a�Z�� �l�t�j�k�_�g�_�� �g�Z�� �k�l�Z�l�b�k�l�b�q�_�k�d�b�� �a�g�Z�q�b�f�b�� �\�j�t�a�d�b�� �f�_�`�^�m���\�b�k�d�h�a�b�l�_�l�Z�� �k��
�h�k�l�Z�g�Z�e�b�l�_���k�\�h�c�k�l�\�Z���g�Z���g�_�n�l�Z 

 

 °API MW D15 VIS Sat. Aro Res Asp CII 
Ln(Ln 

VIS+0,8)) 
API 1.00          
MW -0.87 1.00         
D15 -0.99 0.90 1.00        
VIS -0.34 0.51 0.37 1.00       
Sat. 0.84 -0.78 -0.85 -0.33 1.00      
Aro -0.55 0.50 0.56 0.15 -0.81 1.00     
Res -0.66 0.62 0.67 0.38 -0.55 0.02 1.00    
Asp -0.44 0.37 0.42 0.15 -0.42 0.00 0.46 1.00   

CII 0.78 -0.68 -0.79 -0.24 0.93 -0.80 -0.53 
-

0.24 1.00  
Ln(Ln 

VIS+0,8)) -0.96 0.93 0.97 0.41 -0.82 0.51 0.69 0.47 -0.75 1.00 
 
 
�L�Z�[�e�b�p�Z���� �…-�k�l�h�b�g�h�k�l�b���h�l���,�&�U�$���h�p�_�g�d�Z���g�Z���^�Z�g�g�b�l�_���a�Z���n�b�a�b�d�h�o�b�f�b�q�g�b�l�_���k�\�h�c�k�l�\�Z���g�Z���������j�Z�a��

�e�b�q�g�b���k�m�j�h�\�b���i�_�l�j�h�e�b�����b�a�i�h�e�a�\�Z�g�b���a�Z���l�t�j�k�_�g�_���g�Z���k�l�Z�l�b�k�l�b�q�_�k�d�b���a�g�Z�q�b�f�b���\�j�t�a�d�b���f�_�`�^�m���\�b�k�d�h�a�b��
�l�_�l�Z���k���h�k�l�Z�g�Z�e�b�l�_���k�\�h�c�k�l�\�Z���g�Z���g�_�n�l�Z 

 

Mu °API 
avg 
MW D15 VIS Saturates Aromatics Resins Asphaltenes CII 

Ln(Ln 
VIS+0,8)) 

°API 1.00 0.11 0.02 0.08 0.81 0.32 0.27 0.34 0.79 0.08 
avg MW 0.11 1.00 0.89 0.89 0.21 0.65 0.71 0.65 0.23 0.89 

D15 0.02 0.89 1.00 0.92 0.19 0.67 0.74 0.66 0.21 0.92 
VIS 0.08 0.89 0.92 1.00 0.20 0.64 0.74 0.69 0.23 1.00 

Saturates 0.81 0.21 0.19 0.20 1.00 0.21 0.29 0.33 0.93 0.20 
Aromatics 0.32 0.65 0.67 0.64 0.21 1.00 0.52 0.50 0.17 0.64 

Resins 0.27 0.71 0.74 0.74 0.29 0.52 1.00 0.72 0.31 0.74 
Asphaltenes 0.34 0.65 0.66 0.69 0.33 0.50 0.72 1.00 0.40 0.69 

CII 0.79 0.23 0.21 0.23 0.93 0.17 0.31 0.40 1.00 0.23 
Ln(Ln 

VIS+0,8)) 0.08 0.89 0.92 1.00 0.20 0.64 0.74 0.69 0.23 1.00 
 
�A�Z�[�_�e�_�`�d�Z���� �A�_�e�_�g�b�y�l�� �p�\�y�l�� �h�a�g�Z�q�Z�\�Z�� �k�l�Z�l�b�k�l�b�q�_�k�d�b�� �a�g�Z�q�b�f�Z�� �i�h�e�h�`�b�l�_�e�g�Z�� �\�j�t�a�d�Z���� �q�_�j�\�_�g�b�y�l��

�p�\�y�l���h�a�g�Z�q�Z�\�Z���k�l�Z�l�b�k�l�b�q�_�k�d�b���a�g�Z�q�b�f�Z���h�l�j�b�p�Z�l�_�e�g�Z���\�j�t�a�d�Z�����B�g�l�_�g�a�b�\�g�h�k�l�l�Z���g�Z���p�\�_�l�Z���i�h�d�Z�a�\�Z���k�b��
�e�Z�l�Z���g�Z���\�j�t�a�d�Z�l�Z�����D�h�e�d�h�l�h���i�h-�]�h�e�y�f�Z���_���b�g�l�_�g�a�b�\�g�h�k�l�l�Z���g�Z���p�\�_�l�Z�����l�h�e�d�h�\�Z���i�h-�]�h�e�y�f�Z���_���k�b�e�Z�l�Z���g�Z��
�\�j�t�a�d�Z�l�Z�����@�t�e�l�b�y�l���p�\�y�l���h�a�g�Z�q�Z�\�Z���^�b�k�h�g�Z�g�k�� 
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�L�Z�[�e�b�p�Z���� �•-�k�l�h�b�g�h�k�l�b���h�l���,�&�U�$���h�p�_�g�d�Z���g�Z���^�Z�g�g�b�l�_���a�Z���n�b�a�b�d�h�o�b�f�b�q�g�b�l�_���k�\�h�c�k�l�\�Z���g�Z���������j�Z�a��
�e�b�q�g�b���k�m�j�h�\�b���i�_�l�j�h�e�b�����b�a�i�h�e�a�\�Z�g�b���a�Z���l�t�j�k�_�g�_���g�Z���k�l�Z�l�b�k�l�b�q�_�k�d�b���a�g�Z�q�b�f�b���\�j�t�a�d�b���f�_�`�^�m���\�b�k�d�h�a�b��
�l�_�l�Z���k���h�k�l�Z�g�Z�e�b�l�_���k�\�h�c�k�l�\�Z���g�Z���g�_�n�l�Z 

 

Nu °API 
avg 
MW D15 VIS Saturates Aromatics Resins Asphaltenes CII 

Ln(Ln 
VIS+0,8)) 

°API 0.00 0.88 0.98 0.92 0.19 0.67 0.73 0.66 0.21 0.92 
avg MW 0.88 0.00 0.11 0.10 0.78 0.34 0.28 0.34 0.76 0.10 

D15 0.98 0.11 0.00 0.08 0.81 0.32 0.26 0.34 0.79 0.08 
VIS 0.92 0.10 0.08 0.00 0.80 0.36 0.26 0.31 0.77 0.00 

Saturates 0.19 0.78 0.81 0.80 0.00 0.79 0.71 0.67 0.07 0.80 
Aromatics 0.67 0.34 0.32 0.36 0.79 0.00 0.48 0.50 0.83 0.36 

Resins 0.73 0.28 0.26 0.26 0.71 0.48 0.00 0.27 0.69 0.26 
Asphaltenes 0.66 0.34 0.34 0.31 0.67 0.50 0.27 0.00 0.60 0.31 

CII 0.21 0.76 0.79 0.77 0.07 0.83 0.69 0.60 0.00 0.77 
Ln(Ln 

VIS+0,8)) 0.92 0.10 0.08 0.00 0.80 0.36 0.26 0.31 0.77 0.00 

�H�l���^�Z�g�g�b�l�_�����i�j�_�^�k�l�Z�\�_�g�b �\���L�Z�[�e�b�p�Z�������f�h�`�_��
�^�Z���k�_���a�Z�d�e�x�q�b�����q�_���\�b�k�d�h�a�b�l�_�l�t�l���g�Z���g�_�n�l�Z���g�y�f�Z��
�k�l�Z�l�b�k�l�b�q�_�k�d�b�� �a�g�Z�q�b�f�Z�� �\�j�t�a�d�Z�� �k�� �i�e�t�l�g�h�k�l�l�Z����
�^�h�d�Z�l�h�� �h�l�� �^�Z�g�g�b�l�_�� �\�� �L�Z�[�e�b�p�b�� ���� �b�� ���� �y�k�g�h�� �k�_��
�\�b�`�^�Z�����q�_���i�e�t�l�g�h�k�l�l�Z���b�f�Z���^�h�k�l�Z���k�b�e�g�Z���\�j�t�a�d�Z���k��
�\�b�k�d�h�a�b�l�_�l�Z�����I�j�b�q�b�g�Z�l�Z���a�Z���l�h�\�Z���j�Z�a�g�h�]�e�Z�k�b�_���k�_��
�^�t�e�`�b�� �g�Z�� �h�l�k�t�k�l�\�b�_�l�h�� �g�Z�� �e�b�g�_�c�g�Z�� �\�j�t�a�d�Z��
�f�_�`�^�m�� �i�e�t�l�g�h�k�l�l�Z�� �b�� �\�b�k�d�h�a�b�l�_�l�Z�� �g�Z�� �g�_�n�l�Z�� �b��
�i�h�j�Z�^�b�� �l�Z�a�b�� �i�j�b�q�b�g�Z�� �d�h�j�_�e�Z�p�b�h�g�g�b�y�l�� �Z�g�Z�e�b�a��
�h�l�q�b�l�Z�� �h�l�k�t�k�l�\�b�_�� �g�Z�� �\�j�t�a�d�Z���� �D�h�]�Z�l�h�� �h�[�Z�q�_�� �k�_��
�b�a�i�h�e�a�\�Z���^�\�h�_�g���g�Z�l�m�j�Z�e�_�g���e�h�]�Z�j�b�l�t�f���g�Z���\�b�k�d�h��
�a�b�l�_�l�Z�� �d�h�j�_�e�Z�p�b�h�g�g�b�y�l�� �Z�g�Z�e�b�a�� �h�l�q�b�l�Z�� �f�g�h�]�h��
�k�b�e�g�Z�� �\�j�t�a�d�Z�� �k�� �i�e�t�l�g�h�k�l�l�Z�� ���5� �������������� �^�h�d�Z�l�h��
�,�&�U�$�� �h�l�q�b�l�Z�� �k�t�s�Z�l�Z�� �k�l�Z�l�b�k�l�b�q�_�k�d�b�� �a�g�Z�q�b�f�Z��
�\�j�t�a�d�Z���d�Z�d�l�h���f�_�`�^�m���\�b�k�d�h�a�b�l�_�l�Z���b���i�e�t�l�g�h�k�l�l�Z����
�l�Z�d�Z���b���f�_�`�^�m���^�\�h�c�g�b�y���g�Z�l�m�j�Z�e�_�g���e�h�]�Z�j�b�l�t�f���h�l��
�\�b�k�d�h�a�b�l�_�l�Z���b���i�e�t�l�g�h�k�l�l�Z�����… � ���������������#��� �������������� 

�H�l���i�j�_�^�k�l�Z�\�_�g�b�y���i�j�b�f�_�j���e�_�k�g�h���f�h�`�_���^�Z���k�_��
�g�Z�i�j�Z�\�b���b�a�\�h�^�Z�����q�_���,�&�U�$���_���Z�g�Z�e�b�a�t�l���a�Z���i�j�_�^�i�h��
�q�b�l�Z�g�_���� �d�h�]�Z�l�h�� �k�_�� �h�p�_�g�y�� �g�Z�e�b�q�b�_�l�h�� �g�Z�� �k�l�Z�l�b�k��
�l�b�q�_�k�d�b���a�g�Z�q�b�f�b���\�j�t�a�d�b���f�_�`�^�m���i�j�h�f�_�g�e�b�\�b���\��
�]�h�e�y�f�Z�� �i�h�� �h�[�_�f�� �[�Z�a�Z�� �^�Z�g�g�b���� �P�_�e�l�Z�� �g�Z�� �g�Z�k�l�h�y��
�s�h�l�h���b�a�k�e�_�^�\�Z�g�_���_���^�Z���k�_���g�Z�i�j�Z�\�b���i�j�_�]�e�_�^���g�Z���l�_��
�h�j�b�y�l�Z���g�Z���,�&�U�$���b���g�Z���i�m�[�e�b�d�Z�p�b�b�l�_�����i�h�k�\�_�l�_�g�b��
�g�Z�� �l�Z�a�b�� �l�_�f�Z �b�� �^�Z�� �k�_�� �g�Z�i�j�Z�\�b�� �[�b�[�e�b�h�]�j�Z�n�k�d�Z��
�k�i�j�Z�\�d�Z�� �g�Z�� �\�k�b�q�d�b�� �b�a�k�e�_�^�\�Z�g�b�y���� �b�a�i�h�e�a�\�Z�s�b��
�,�&�U�$���\���j�Z�a�e�b�q�g�b���k�n�_�j�b���g�Z���q�h�\�_�r�d�h�l�h���i�h�a�g�Z�g�b�_��
�a�Z�� �i�_�j�b�h�^�Z�� ���������]������ �d�h�]�Z�l�h�� �_�� �k�t�a�^�Z�^�_�g�� �,�&�U�$�� �^�h��
���������]�� 

 
�L�_�h�j�b�y���g�Z���b�g�l�_�j�d�j�b�l�_�j�b�Z�e�g�b�y���Z�g�Z�e�b�a 
 
�B�g�l�_�j�d�j�b�l�_�j�b�Z�e�g�b�y�l���Z�g�Z�e�b�a�����,�&�U�$�����_���k�t�a�^�Z��

�^�_�g���\���B�g�k�l�b�l�m�l�Z���i�h���[�b�h�n�b�a�b�d�Z���b���[�b�h�f�_�^�b�p�b�g��

�k�d�h���b�g�`�_�g�_�j�k�l�\�h�����;�t�e�]�Z�j�k�d�Z���Z�d�Z�^�_�f�b�y���g�Z���g�Z�m��
�d�b�l�_�� ���;�:�G���� �d�Z�l�h�� �b�g�k�l�j�m�f�_�g�l�� �a�Z�� �i�h�^�i�h�f�Z�]�Z�g�_��
�g�Z�� �\�a�_�f�Z�g�_�l�h�� �g�Z�� �j�_�r�_�g�b�y�� �i�j�b�� �f�g�h�]�h�h�[�_�d�l�g�b��
�f�g�h�]�h�d�j�b�l�_�j�b�Z�e�g�b�� �i�j�h�[�e�_�f�b�� �>�����������@�� �D�Z�l�h��
�\�o�h�^�g�b���^�Z�g�g�b���,�&�U�$���b�a�b�k�d�\�Z��m���u n �l�Z�[�e�b�p�Z���k���b�a��
�f�_�j�\�Z�g�b�y�l�Z���b�e�b���h�p�_�g�d�b�l�_���g�Z���³�P�´���h�[�_�d�l�Z���i�h���³�Q�´��
�d�j�b�l�_�j�b�y�����<���j�_�a�m�e�l�Z�l���g�Z���l�h�\�Z���l�h�c���\�j�t�s�Z��n���u n 
�l�Z�[�e�b�p�Z�� �k�� �b�g�l�m�b�p�b�h�g�b�k�l�d�b�� �j�Z�a�f�b�l�b�� �^�\�h�c�d�b����
�h�i�j�_�^�_�e�y�s�b���k�l�_�i�_�g�b�l�_���g�Z���\�j�t�a�d�Z���f�_�`�^�m���\�k�y�d�Z��
�^�\�h�c�d�Z���d�j�b�l�_�j�b�b�����h�l�d�t�^�_�l�h���b�^�\�Z���b���b�f�_�l�h�����b�g��
�l�_�j�d�j�b�l�_�j�b�Z�e�_�g�������b���i�h�a�\�h�e�y�\�Z���\�a�_�f�Z�g�_�l�h���g�Z���b�g��
�n�h�j�f�b�j�Z�g�b�� �j�_�r�_�g�b�y���� �d�h�b�l�h�� �h�l�q�b�l�Z�l�� �i�j�b�k�t��
�s�Z�l�Z�� �g�_�h�i�j�_�^�_�e�_�g�h�k�l���� �d�h�y�l�h�� �i�j�h�y�\�y�\�Z�l�� �k�e�h�`��
�g�b�l�_���i�j�h�[�e�_�f�b���h�l���j�_�Z�e�g�b�y���`�b�\�h�l�����A�Z���p�_�e�b�l�_���g�Z��
�l�_�j�f�b�g�h�e�h�]�b�q�g�Z�l�Z�� �i�j�_�p�b�a�g�h�k�l�� �\�� �,�&�U�$�� �k�_�� �b�a��
�[�y�]�\�Z�� �l�_�j�f�b�g�t�l�� ���d�h�j�_�e�Z�p�b�y���� �f�_�`�^�m�� �d�j�b�l�_�j�b��
�b�l�_�����Z���\�f�_�k�l�h���g�_�]�h���k�_���b�a�i�h�e�a�\�Z�l���l�_�j�f�b�g�b�l�_�����i�h��
�e�h�`�b�l�_�e�_�g�� �d�h�g�k�h�g�Z�g�k������ ���h�l�j�b�p�Z�l�_�e�_�g�� �d�h�g�k�h��
�g�Z�g�k�����b�����^�b�k�h�g�Z�g�k�����>2].  

�H�k�g�h�\�g�b�l�_���]�j�Z�^�b�\�g�b���_�e�_�f�_�g�l�b���g�Z���,�&�U�$�����b�a��
�i�h�e�a�\�Z�g���a�Z���i�h�^�i�h�f�Z�]�Z�g�_���g�Z���\�a�_�f�Z�g�_�l�h���g�Z���j�_�r�_��
�g�b�y�� �k�Z�� �d�h�g�p�_�i�p�b�b�l�_�� �a�Z�� �b�g�l�m�b�p�b�h�g�b�k�l�d�b�� �j�Z�a��
�f�b�l�b���f�g�h�`�_�k�l�\�Z���b���b�g�^�_�d�k�g�b���f�Z�l�j�b�p�b�����B�g�l�m�b��
�p�b�h�g�b�k�l�d�b���j�Z�a�f�b�l�b�l�_ �f�g�h�`�_�k�l�\�Z�����B�J�F�����\�`�����>6, 
7�@������ �\�t�\�_�^�_�g�b�� �h�l�� �:�l�Z�g�Z�k�h�\���� �k�Z�� �j�Z�a�r�b�j�_�g�b�_�� �g�Z��
�d�h�g�p�_�i�p�b�y�l�Z�� �a�Z�� �j�Z�a�f�b�l�b�� �f�g�h�`�_�k�l�\�Z���� �^�_�n�b�g�b��
�j�Z�g�Z���h�l���=�D�G�H�K�����G�_�d�Z���(���_���\�k�_�e�_�g�Z�����,�)�6���$�
���k�_���h�i��
�j�_�^�_�e�y���h�l 

 
�� �� �� ���^ �`Exx,x,xA AA

* �•� �Q�P  

 
�d�t�^�_�l�h���� �� �� �� �> �@10,E:x,x AA �o�Q�P ���� �i�j�_�^�k�l�Z�\�e�y��

�\�Z�l���n�m�g�d�p�b�b�l�_�����d�h�b�l�h���^�Z�\�Z�l �k�l�_�i�_�g�b�l�_���g�Z���i�j�b��
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�g�Z�^�e�_�`�g�h�k�l�� �b�� �g�_�i�j�b�g�Z�^�e�_�`�g�h�k�l�� �a�Z�� �\�k�_�d�b�� �_�e�_��
�f�_�g�l�� Ex�•  �k�t�h�l�\�_�l�g�h���d�t�f���n�b�d�k�b�j�Z�g�h���i�h�^�f�g�h��
�`�_�k�l�\�h���$���g�Z���(�����l�Z�d�Z���q�_���� �� �� �� 10 �d���d xx AA �Q�P . 

�B�g�l�m�b�p�b�h�g�b�k�l�d�b�� �j�Z�a�f�b�l�b�l�_�� �^�\�h�c�d�b�� ���B�J�>����
�\�`���� �>8�@���� �k�Z�� �h�[�_�d�l�� �i�h�^�� �n�h�j�f�Z�l�Z�� �g�Z�� �i�h�^�j�_�^�_�g�Z��
�^�\�h�c�d�Z���²�¢ b,a �����d�t�^�_�l�h�� �> �@10,b,a �• �b�� 1�d�� ba �����L�y���k�_��
�b�a�i�h�e�a�\�Z�� �d�Z�l�h�� �h�p�_�g�d�Z�� �g�Z���h�[�_�d�l�b�� �b�e�b�� �i�j�h�p�_�k�b����
�G�_�c�g�b�l�_���d�h�f�i�h�g�_�g�l�b�����D���b���E�����k�_���b�g�l�_�j�i�j�_�l�b�j�Z�l��
�k�t�h�l�\�_�l�g�h���d�Z�l�h���k�l�_�i�_�g�b���g�Z���i�j�b�g�Z�^�e�_�`�g�h�k�l�����\�Z��
�e�b�^�g�h�k�l���b���l���g�������b���g�_�q�e�_�g�m�\�Z�g�_�����g�_�\�Z�e�b�^�g�h�k�l���b��
�l���g���������A�Z���^�\�_���B�J�>���b���k�_���h�i�j�_�^�_�e�y�l���k�e�_�^�g�b�l�_���h�l��
�g�h�r�_�g�b�y�� 
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andiff
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�<���>5, 9�@���:�l�Z�g�Z�k�h�\���\�t�\�_�`�^�Z���b���j�Z�a�\�b�\�Z���l�_�h�j�b��

�y�l�Z���g�Z���i�h�g�y�l�b�_�l�h���b�g�^�_�d�k�b�j�Z�g�Z���f�Z�l�j�b�p�Z�����B�F�����b��
�b�a�k�e�_�^�\�Z���h�k�g�h�\�g�b�l�_���Ê���k�\�h�c�k�l�\�Z���� �G�_�d�Z���,���_���n�b�d��
�k�b�j�Z�g�h���f�g�h�`�_�k�l�\�h���h�l���b�g�^�_�d�k�b�����Z���ƒ �_���f�g�h�`�_�k�l��
�\�h�l�h���h�l���j�_�Z�e�g�b���q�b�k�e�Z�����G�_�d�Z���.���b���� ��IL,KL �• �����k�Z��
�f�g�h�`�_�k�l�\�Z�� �h�l�� �b�g�^�_�d�k�b���� �B�F�� �_�� �h�[�_�d�l�� �k�t�k�� �k�e�_�^��
�g�Z�l�Z���n�h�j�f�Z�� 

 

 
�d�t�^�_�l�h�� �^ �`mk,...,k,kK 21� , �^ �`nl,...,l,lL 21�  �b���a�Z�� mi �d�d1 �����b�� �ƒ�•�d�d

ji l,ka:nj1 . 

 
�J�Z�a�r�b�j�_�g�b�_�l�h���g�Z���B�F���_���b�g�l�m�b�p�b�h�g�b�k�l�d�Z���j�Z�a�f�b�l�Z���B�F�����B�J�B�0�����\�`�����>��0�@�������d�h�c�l�h���b�f�Z���\�b�^�Z�� 

 
�d�t�^�_�l�h mi �d�d1 , nj �d�d1 , 10 �d���d

jijijiji l,kl,kl,kl,k ,, �Q�P�Q�P �����l���_���� �²�¢
jiji l,kl,k ,�Q�P �_���B�J�>�� 

 
�G�_�d�Z���b�f�Z�f�_���B�F 

 
 
�d�t�^�_�l�h���a�Z���\�k�y�d�h���� ��nq,mpq,p �d�d�d�d 11 : 
�F Cp �_���d�j�b�l�_�j�b�c�����m�q�Z�k�l�\�Z�s���\���h�p�_�g�d�Z�l�Z�� 
�F Oq �_���h�[�_�d�l�����i�h�^�e�_�`�Z�s���g�Z���h�p�_�g�d�Z�� 
�F 

qp O,Ca  �_�� �j�_�Z�e�g�h�� �q�b�k�e�h�� �b�e�b�� �^�j�m�]�� �h�[�_�d�l����

�d�h�c�l�h���b�f�Z���k�j�Z�\�g�b�f�Z���\�j�t�a�d�Z����R �k���^�j�m�]��a �± �h�[�_�d�l����
�l�Z�d�Z���� �q�_�� �a�Z�� �\�k�y�d�h���� ��

jkik OCO,C a,aR:k,j,i  �_�� �^�_�n�b�g�b��

�j�Z�g�h�����G�_�d�Z��R  �^�Z���_���^�\�h�c�g�Z���\�j�t�a�d�Z���g�Z��R �\���k�f�b��
�k�t�e�����q�_���Z�d�h��R �_���b�a�i�t�e�g�_�g�����l�h�\�Z��R �g�_���_���b�a�i�t�e�g�_�g��
�b�� �h�[�j�Z�l�g�h���� �G�Z�i�j�b�f�_�j���� �Z�d�h�� �µ�5�¶ �_�� �\�j�t�a�d�Z�l�Z�� �µ�!�¶����
�l�h�]�Z�\�ZR  �_���\�j�t�a�d�Z�l�Z���µ���¶�����b���h�[�j�Z�l�g�h�� 

�G�_�d�Z���P
l,kS  �_���[�j�h�y�l���g�Z���k�e�m�q�Z�b�l�_�����\���d�h�b�l�h

�� ��
jkik OCO,C a,aR   �b�� �� ��

jlil OCO,C a,aR  �k�Z���_�^�g�h�\�j�_�f�_�g�g�h��

�b�a�i�t�e�g�_�g�b�����G�_�d�Z�Q
l,kS  �_���[�j�h�y�l���g�Z���k�e�m�q�Z�b�l�_�����\���d�h��

�b�l�h���� ��
jkik OCO,C a,aR  �b�� �� ��

jlil OCO,C a,aR  �k�Z���_�^�g�h�\�j�_��

�f�_�g�g�h���b�a�i�t�e�g�_�g�b�� �H�q�_�\�b�^�g�h�� 
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SS l,kl,k
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�K�_�]�Z�����a�Z���\�k�_�d�h��k, l �l�Z�d�h�\�Z�����q�_�� mlk �d���d1 �����b��
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�K�e�_�^�h�\�Z�l�_�e�g�h���� �²�¢

lklk C,CC,C ,�Q�P  �_���B�J�>���� 

 
�K�_�]�Z�����f�h�`�_�f���^�Z���i�h�k�l�j�h�b�f���B�J�B�0: 
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�d�h�y�l�h���h�i�j�_�^�_�e�y���k�l�_�i�_�g�b�l�_���g�Z���k�t�h�l�\�_�k�l�\�b�_��

�f�_�`�^�m���d�j�b�l�_�j�b�b�l�_��C1�����«����Cm. 
 
�G�_�d�Z���_���^�Z�^�_�g�h���> �@10,, �•�E�D  �l�Z�d�Z�����q�_�� 1�d�� �E�D . 

�D�Z�a�\�Z�f�_�����q�_���d�j�b�l�_�j�b�b�l�_��Ck �b��Cl �k�Z���\�� 
 

�F �� ���E�D,  �± �i�h�e�h�`�b�l�_�e�_�g�� �d�h�g�k�h�g�Z�g�k���� �Z�d�h
�� ���D�P �!

lk C,C
 �b���� ���E�Q ��

lk C,C
; 

�F �� ���E�D,  �± �g�_�]�Z�l�b�\�_�g�� �d�h�g�k�h�g�Z�g�k���� �Z�d�h
�� ���E�P ��

lk C,C
 �b �� ���D�Q �!

lk C,C
; 

�F �� ���E�D,  �± �^�b�k�h�g�Z�g�k �a�Z�� �\�k�b�q�d�b�� �h�k�l�Z�g�Z�e�b��
�k�e�m�q�Z�b�� 

 
�K�e�_�^���Z�g�Z�e�b�a���g�Z���j�Z�a�e�b�q�g�b���\�b�^�h�\�_���^�Z�g�g�b��- �f�_��

�^�b�p�b�g�k�d�b���� �o�b�f�b�q�_�k�d�b���� �b�d�h�g�h�f�b�q�_�k�d�b���� �_�d�h�e�h��
�]�b�q�g�b���b���^�j�m�]�b�����d�Z�d�l�h���_���i�h�k�h�q�_�g�h���\���j�Z�[�h�l�Z�l�Z���g�Z��
�Q�h�j�m�d�h�\�Z�� �b�� �d�h�e�_�d�l�b�\�� �>��0�@�� �k�_�� �a�Z�d�e�x�q�Z�\�Z���� �q�_�� �_��
�g�_�h�[�o�h�^�b�f�h�� �^�Z�� �k�_�� �m�k�t�\�t�j�r�_�g�k�l�\�Z�l�� �Z�e�]�h�j�b�l��
�f�b�l�_�� �a�Z�� �h�i�j�_�^�_�e�y�g�_�� �g�Z�� �k�l�h�c�g�h�k�l�b�l�_�� �g�Z�� �k�o�h�^�k��
�l�\�h���b���j�Z�a�e�b�q�b�_�����L�m�d �k�_���i�j�_�^�e�Z�]�Z�l���k�e�_�^�g�b�l�_���i�j�Z��
�\�b�e�Z�����d�h�]�Z�l�h���,�&�U�$���k�_���i�j�b�e�Z�]�Z���d�t�f���h�[�_�d�l�b�����h�p�_��
�g�y�\�Z�g�b���i�h���d�j�b�l�_�j�b�b���k���j�_�Z�e�g�b���q�b�k�e�Z�����d�t�^�_�l�h���Œ���_��
�k�l�_�i�_�g�l�Z���g�Z���g�_�h�i�j�_�^�_�e�_�g�h�k�l�� 
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µ + �Œ��+ ����+ �Œ��+ �Œ��+ �Œ��+ ����+ �Œ��+ µ + 
 
�F�h�l�b�\�t�l���a�Z���h�i�j�_�^�_�e�y�g�_���g�Z���g�Z�q�b�g�Z���a�Z���m�\�_�e�b��

�q�Z�\�Z�g�_�� �g�Z�� �l�j�b�l�_�� �n�m�g�d�p�b�b�� �\�� �g�y�d�h�b�� �k�e�m�q�Z�b�� �_��
�y�k�_�g���� �g�h�� �k�e�m�q�Z�y�l�� � �� � �� �k�_�� �g�m�`�^�Z�_�� �h�l�� �d�h�f�_�g�l�Z�j����
�D�h�]�Z�l�h���\���^�\�Z���j�_�^�Z���b�f�Z���j�Z�\�_�g�k�l�\�h���f�_�`�^�m���k�t�h�l��
�\�_�l�g�b�l�_���_�e�_�f�_�g�l�b���g�Z���^�\�_���d�h�e�h�g�b�����g�Z�i�j�b�f�_�j����������
�b�� ���������� �k�i�h�j�_�^�� �Z�e�]�h�j�b�l�t�f�Z�� �b�f�Z�� �j�Z�\�_�g�k�l�\�Z���� �G�h��
�i�t�j�\�h�l�h�� �h�l�� �q�b�k�e�Z�l�Z�� ���������� �Z�d�h�� �l�j�y�[�\�Z�� �^�Z�� �_�� �k�� �i�h��
�\�_�q�_���h�l���_�^�b�g���a�g�Z�d���k�e�_�^���^�_�k�_�l�b�q�g�Z�l�Z���a�Z�i�_�l�Z�y�����[�b��
�f�h�]�e�h���^�Z���[�t�^�_���g�Z�i�j�b�f�_�j���������������Z���\�l�h�j�h�l�h���q�b�k�e�h��
- �������������l���_�����l�h�]�Z�\�Z���f�_�`�^�m���l�y�o���g�_���[�b���l�j�y�[�\�Z�e�h���^�Z��
�b�f�Z�� �a�g�Z�d�� �a�Z�� �j�Z�\�_�g�k�l�\�h���� �H�l�� �^�j�m�]�Z�� �k�l�j�Z�g�Z���� �Z�d�h��
�^�\�_�l�_���q�b�k�e�Z���k�Z���j�Z�a�e�b�q�g�b�����l�h���d�h�e�d�h�l�h���b���^�Z���[�t�^�Z�l��
�]�e�_�^�Z�g�b���� �l�_�� �s�_�� �i�j�h�^�t�e�`�Z�l�� �^�Z�� �[�t�^�Z�l�� �j�Z�a�e�b�q�g�b��
[10]. 

�<�Z�`�g�h�� �_�� �^�Z�� �k�_�� �h�l�[�_�e�_�`�b���� �q�_�� �h�i�b�k�Z�g�Z�l�Z�� �i�h��
�l�h�a�b���g�Z�q�b�g���k�d�Z�e�Z���]�Z�j�Z�g�l�b�j�Z���[�Z�e�Z�g�k���f�_�`�^�m���i�h��
�e�h�`�b�l�_�e�g�b�l�_�� �b�� �h�l�j�b�p�Z�l�_�e�g�b�l�_�� �d�h�g�k�h�g�Z�g�l�b�����h�l��

�d�h�b�l�h�� �g�Z�b�k�l�b�g�Z�� �l�j�y�[�\�Z�� �^�Z�� �k�_�� �h�q�Z�d�\�Z�� �k�b�f�_�l�j�b��
�q�_�g���\�b�^�� 

�L�h�]�Z�\�Z���� �d�h�]�Z�l�h�� �j�Z�\�_�g�k�l�\�h�l�h�� �g�Z�� �^�\�_�� �^�\�h�c�d�b��
�k�l�h�c�g�h�k�l�b���g�Z���h�[�_�d�l�b���i�h���^�\�h�c�d�Z���d�j�b�l�_�j�b�b���k�_���h�i��
�j�_�^�_�e�y�� �h�l�� �k�i�_�p�b�n�b�d�Z�l�Z�� �g�Z�� �d�h�g�d�j�_�l�g�Z�� �a�Z�^�Z�q�Z��
���g�Z�i�j�b�f�_�j�� �i�j�b�� �k�j�Z�\�g�y�\�Z�g�_�� �g�Z�� �j�_�r�_�g�b�y�� �g�Z�� �a�Z��
�^�Z�q�b�� �h�l�� �p�_�e�h�q�b�k�e�_�g���� �h�i�l�b�f�b�a�Z�p�b�h�g�_�g�� �b�� �^�j�m�]��
�l�b�i�������l�h�]�Z�\�Z���_���m�^�h�[�g�h���^�Z���k�_���b�a�i�h�e�a�\�Z���k�e�_�^�g�Z�l�Z��
�l�Z�[�e�b�p�Z. 

 
> > > = > < = > = = = < < > < = < < 

µ + �Œ��+ ����+ �Œ��+ 
µ + or half the values 

are to µ +, and the 
other half �± to ����+ 

�Œ��+ ����+ �Œ��+ µ + 

 
�K�d�Z�e�Z�l�Z�� �l�j�y�[�\�Z�� �^�Z�� �_�� �k�t�\�k�_�f�� �j�Z�a�e�b�q�g�Z�� �i�j�b��

�j�Z�[�h�l�Z���k���p�_�e�b���q�b�k�e�Z�����M�^�h�[�g�h���_���l�y���^�Z���b�f�Z���k�e�_�^��
�g�b�y���\�b�^. 
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µ + ����+ ����+ ����+  µ + ����+ ����+ ����+ µ + 

 
�<�_�q�_�� �_�� �h�q�_�\�b�^�g�h���� �q�_�� �k�b�f�_�l�j�b�y�l�Z�� �k�_�� �g�Z�j�m��

�r�Z�\�Z�����<�t�i�j�_�d�b���l�h�\�Z���i�j�_�a�m�f�i�p�b�y�l�Z���l�m�d���_�����q�_���f�h��
�]�Z�l���^�Z���k�_���j�Z�a�i�h�a�g�Z�y�l���^�Z�e�b���^�\�_�l�_���d�j�Z�c�g�b���l�h�q�d�b��
�k�Z�� �_�^�g�Z�d�\�b�� �b�e�b�� �g�_�� �b�� �^�Z�� �k�_�� �d�e�Z�k�b�n�b�p�b�j�Z�� �i�j�Z��
�\�b�e�g�h���\�j�t�a�d�Z�l�Z���f�_�`�^�m���l�y�o�����K�_�]�Z�����Z�d�h���k�_���j�Z�a�i�h��
�e�Z�]�Z���k���\�k�b�q�d�b���^�Z�g�g�b���\���B�F�����s�_���k�_���i�h�e�m�q�b���j�Z�a��
�f�b�l�Z�����Z���g�_���B�J���h�p�_�g�d�Z�����O�Z�j�Z�d�l�_�j�t�l���g�Z���B�J-�h�p�_�g��
�d�Z�l�Z���s�_���k�_���i�j�h�y�\�b���\���k�e�m�q�Z�b�l�_�����d�h�]�Z�l�h���g�y�f�Z���^�h�k��
�l�Z�l�t�q�g�h���^�Z�g�g�b�� 

�D�h�]�Z�l�h���k�_���g�Z�e�Z�]�Z���^�Z���k�_���j�Z�[�h�l�b���k���^�Z�g�g�b�����a�Z���d�h��
�b�l�h�� �k�_�� �a�g�Z�_���� �q�_�� �k�Z�� �\�_�j�g�b�� ���������� �g�_�\�_�j�g�b�� ��-���� �b�e�b��
�e�b�i�k�\�Z�l�����a�������_���m�^�h�[�g�h���^�Z���k�_���j�Z�[�h�l�b���k�t�k���k�e�_�^�g�Z�l�Z 
�l�Z�[�e�b�p�Z 
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�<�b�`�^�Z�� �k�_���� �q�_�� �f�Z�d�Z�j�� �b�� �^�Z�� �_�� �g�Z�f�Z�e�b�e�� �a�g�Z�q�b��

�l�_�e�g�h�� �k�e�m�q�Z�b�l�_���� �\�� �d�h�b�l�h�� �^�Z�^�_�g�� �d�h�f�i�h�g�_�g�l�� �s�_��
�g�Z�j�Z�k�g�_�����l�h�c���_���k�b�f�_�l�j�b�q�_�g���i�h���h�l�g�h�r�_�g�b�_���g�Z���h�l��
�^�_�e�g�b�l�_�� �k�b�� �d�h�f�i�h�g�_�g�l�b���� �L�Z�d�Z�\�Z�� �l�Z�[�e�b�p�Z�� �[�b��
�f�h�]�e�Z���^�Z���[�t�^�_���h�l���j�_�Z�e�g�Z���i�h�e�a�Z�����g�Z�i�j�b�f�_�j�� �i�j�b��
�b�a�m�q�Z�\�Z�g�_�l�h���g�Z���e�h�]�b�q�_�k�d�b���k�o�_�f�b���q�j�_�a���Z�d�k�b�h�f�b�� 

�H�i�b�k�Z�g�b�y�l�� �Z�e�]�h�j�b�l�t�f�� �k�_�� �f�h�^�b�n�b�p�b�j�Z���� �d�h��
�]�Z�l�h���k�_���j�Z�[�h�l�b���k��a -�_�e�_�f�_�g�l�b���g�Z���B�F���$�����d�h�b�l�h��
�k�Z���B�J�>���>��1�@�����<���g�_�]�h���_���h�i�b�k�Z�g�Z���i�j�h�p�_�^�m�j�Z�l�Z���a�Z��
�h�l�d�j�b�\�Z�g�_���g�Z���d�h�j�_�e�Z�p�b�b���q�j�_�a���,�&�U�$���\�t�j�o�m���b�g�l�m��
�b�p�b�h�g�b�k�l�d�b�� �j�Z�a�f�b�l�b�� �\�o�h�^�h�\�_���� �<�� �k�l�Z�l�b�y�l�Z�� �g�Z��
�;�m�j�_�\�Z�� �b�� �d�h�e�_�d�l�b�\�� �>��1�@�� �_�� �i�j�_�^�k�l�Z�\�_�g�h�� �i�j�b�e�h��
�`�_�g�b�_�l�h�� �g�Z�� �,�&�U�$�� �\�t�j�o�m�� �b�k�l�b�g�g�h�k�l�g�b�l�_�� �k�l�h�c��
�g�h�k�l�b�� �a�Z�� �g�y�d�h�b�� �e�h�]�b�q�_�k�d�b�� �n�h�j�f�m�e�b���� �g�y�d�h�b�� �h�l��
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�d�h�b�l�h�� �k�Z�� �Z�d�k�b�h�f�b�� �g�Z�� �b�g�l�m�b�p�b�h�g�b�k�l�d�b�� �j�Z�a�f�b��
�l�Z�l�Z���e�h�]�b�d�Z�� 

�<���>��2�@���_���h�i�b�k�Z�g���,�&�U�$�����d�h�c�l�h���b�a�i�h�e�a�\�Z���b�g�l�m��
�b�p�b�h�g�b�k�l�d�b�� �j�Z�a�f�b�l�b�� �b�f�i�e�b�d�Z�p�b�b�� �h�l�� �k�i�_�p�b�Z��
�e�_�g���l�b�i�������<���>4, 13�@���_���i�j�_�^�e�h�`�_�g�Z���]�_�h�f�_�l�j�b�q�g�Z��
�b�g�l�_�j�i�j�_�l�Z�p�b�y���g�Z���j�_�a�m�e�l�Z�l�b�l�_���h�l���,�&�U�$���\�t�a���h�k��
�g�h�\�Z�� �g�Z�� �l�j�b�t�]�t�e�g�b�d�Z�� �a�Z�� �b�g�l�_�j�i�j�_�l�Z�p�b�y�� �g�Z�� �B�J��
���\�`�����>��4, 15, 16]). 

�G�Z�i�j�b�f�_�j�����d�h�]�Z�l�h���.��� ������������������� ���������������k�_���i�h��
�e�m�q�Z�\�Z���j�_�]�b�h�g���h�l�[�_�e�y�a�Z�g���d�Z�l�h���J�K���g�Z���N�b�]�m�j�Z��������
�d�h�]�Z�l�h���.��� ������������������� ���������������k�_���i�h�e�m�q�Z�\�Z���j�_�]�b�h�g���g�Z��
�g�_�]�Z�l�b�\�_�g���d�h�g�k�h�g�Z�g�k�����h�l�[�_�e�y�a�Z�g���d�Z�l�h���1�&���g�Z���k�t��
�s�Z�l�Z�� �n�b�]�m�j�Z���� �^�h�d�Z�l�h�� �j�_�]�b�h�g�Z���� �h�l�[�_�e�y�a�Z�g�� �k�� �'��
�k�t�h�l�\�_�l�k�l�\�Z���g�Z���a�h�g�Z�l�Z���g�Z���^�b�k�h�g�Z�g�k�Z�� 

 
 

 
�N�b�]�m�j�Z���������A�h�g�b���g�Z���i�h�e�h�`�b�l�_�e�_�g���d�h�g�k�h�g�Z�g�k, �h�l�j�b�p�Z�l�_�e�_�g���d�h�g�k�h�g�Z�g�k �b���^�b�k�h�g�Z�g�k �\���l�j�b�t�]�t�e��

�g�b�d�Z���g�Z���l�t�e�d�m�\�Z�g�_���g�Z���B�J�F�� 
 
�G�Z�q�b�g�b�l�_���a�Z���h�i�j�_�^�_�e�y�g�_���g�Z���k�l�h�c�g�h�k�l�b�l�_���a�Z��

�.���b������ �k�Z���^�b�k�d�m�l�b�j�Z�g�b���\���>��4, 15, 16�@�����<���>17�@�����k�_ 
�j�Z�a�]�e�_�`�^�Z���k�e�m�q�Z�c���k���b�a�[�h�j�Z���g�Z���l�j�b���i�h�^�h�[�g�b���d�j�b��
�l�_�j�b�y�����<���>18�@���_���h�i�b�k�Z�g�Z���b�^�_�y�l�Z���g�Z���g�h�j�f�Z�e�b�a�b��
�j�Z�g�_���g�Z��a-�_�e�_�f�_�g�l�b���i�j�_�^�b���i�j�b�e�Z�]�Z�g�_���g�Z���,�&�U�$�� 

�<���>19�@���_���^�_�n�b�g�b�j�Z�g���_�^�b�g���g�h�\���h�i�_�j�Z�l�h�j���1�J �h�l��
�l�b�i�Z�� �g�Z�� �h�i�_�j�Z�l�h�j�� �i�h�� �g�b�\�h���� �L�h�c�� �i�j�b�_�f�Z�� �_�^�g�Z��
�i�j�Z�]�h�\�Z���k�l�h�c�g�h�k�l���J�����k�t�h�l�\�_�l�k�l�\�Z�s�Z���g�Z���h�l�g�h�r�_��
�g�b�_�l�h���g�Z���k�l�h�c�g�h�k�l�b�l�_���g�Z���n�m�g�d�p�b�y�l�Z���a�Z���q�e�_�g�m��
�\�Z�g�_���P �d�t�f�� �g�_�q�e�_�g�m�\�Z�s�Z�l�Z�� �n�m�g�d�p�b�y���Q �b�� �f�g�h��
�`�_�k�l�\�h�l�h�� �h�l�� �_�e�_�f�_�g�l�b�� �q�b�_�l�h�� �h�l�g�h�r�_�g�b�_�� �g�Z��
�k�l�h�c�g�h�k�l�b�l�_���g�Z���^�\�_�l�_���n�m�g�d�p�b�b���_���i�h-�]�h�e�y�f�h���b�e�b��
�j�Z�\�g�h���g�Z���k�l�h�c�g�h�k�l�l�Z���J�����L�h�\�Z���_���n�m�g�^�Z�f�_�g�l�Z�e�g�h��
�g�h�\���g�Z�q�b�g���a�Z���b�a�]�j�Z�`�^�Z�g�_���g�Z���h�i�_�j�Z�l�h�j���i�h���g�b�\�h��
�\���l�_�h�j�b�y�l�Z���g�Z���B�J�F���b���l�h�c���i�h�a�\�h�e�y�\�Z���j�_�r�_�g�b�y�l�Z��
�^�Z���[�t�^�Z�l���\�a�_�f�Z�g�b���i�j�b���b�g�Z�q�_���\�b�k�h�d�b���k�l�h�c�g�h�k�l�b��
�g�Z���g�h�f�b�g�Z�e�g�Z�l�Z���g�_�k�b�]�m�j�g�h�k�l���i�h�j�Z�^�b���\�b�k�h�d�h�l�h��

�h�l�g�h�r�_�g�b�_���P /�Q �\���i�h�e�a�Z���g�Z���n�m�g�d�p�b�y�l�Z���a�Z���q�e�_�g�m��
�\�Z�g�_�����>�h�d�Z�a�Z�g�b���k�Z���q�_�l�b�j�b���l�\�t�j�^�_�g�b�y���a�Z���k�\�h�c�k�l��
�\�Z�l�Z���g�Z���h�i�_�j�Z�l�h�j�Z�� 

�<�� �>��0�@�� �_�� �i�j�_�^�e�h�`�_�g�Z�� �g�h�\�Z�� �g�Z�j�_�^�[�Z�� �f�_�`�^�m��
�b�g�l�m�b�p�b�h�g�b�k�l�d�b���j�Z�a�f�b�l�b���^�\�h�c�d�b�����d�h�y�l�h���h�i�j�_��
�^�_�e�y�� �i�h-�h�]�j�Z�g�b�q�_�g�� �j�_�^�� �h�l�� �d�e�Z�k�b�q�_�k�d�b�y���� �I�h�e�m��
�q�_�g�b�l�_���\���>��0�@���j�_�a�m�e�l�Z�l�b���\�i�h�k�e�_�^�k�l�\�b�_���[�y�o�Z���^�h��
�j�Z�a�\�b�l�b���k���p�_�e���k�t�a�^�Z�\�Z�g�_���g�Z���g�h�\�b���h�i�_�j�Z�l�h�j�b�� 

�<���>��1�@���_���\�t�\�_�^�_�g�h���i�h�g�y�l�b�_�l�h���a�Z���k�l�j�m�d�l�m�j�g�h 
�i�h�^�h�[�g�b�� �b�g�l�m�b�p�b�h�g�b�k�l�d�b�� �j�Z�a�f�b�l�b�� �f�g�h�`�_�k�l�\�Z��
- �l���_�����f�g�h�`�_�k�l�\�Z�����a�Z���d�h�b�l�h���q�Z�k�l�b�l�_�����j�Z�a�f�b�l�h�����b��
���b�g�l�m�b�p�b�h�g�b�k�l�d�b�� �j�Z�a�f�b�l�h���� �g�Z�� �m�g�b�\�_�j�k�Z�e�g�h�l�h��
�f�g�h�`�_�k�l�\�h�� �k�t�\�i�Z�^�Z�l���� �;�e�Z�]�h�^�Z�j�_�g�b�_�� �g�Z�� �l�h�\�Z�� �_��
�\�t�a�f�h�`�g�h�� �^�Z�� �k�_�� �j�Z�a�]�e�_�`�^�Z�l�� �h�i�_�j�Z�l�h�j�b���� �d�h�b�l�h��
�^�_�c�k�l�\�Z�l�� �g�_�� �\�t�j�o�m�� �p�y�e�h�l�h�� �m�g�b�\�_�j�k�Z�e�g�h�� �f�g�h��
�`�_�k�l�\�h�����Z���\�t�j�o�m���g�y�d�h�b���g�_�]�h�\�b���h�]�j�Z�g�b�q�_�g�b�y��- �i�h��
�l�h�a�b���g�Z�q�b�g���_�k�l�_�k�l�\�_�g�h���_���\�t�a�f�h�`�g�h���^�Z���k�_���h�i�b�r�_��
�n�h�j�f�Z�e�g�h�� �j�Z�a�e�b�q�g�h�� �f�g�h�`�_�k�l�\�h�� �h�l�� �h�i�_�j�Z�l�h�j�b����
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�I�j�_�^�e�h�`�_�g�Z�l�Z�� �k�o�_�f�Z�� �_�� �i�j�b�e�h�`�b�f�Z�� �b�� �d�t�f�� �j�_��
�a�m�e�l�Z�l�b�l�_���� �i�h�e�m�q�_�g�b�� �h�l�� �b�g�l�_�j�d�j�b�l�_�j�b�Z�e�g�b�y��
�Z�g�Z�e�b�a�� 

�<���>��2, 20, 22, 23�@���g�Z�[�h�j�t�l���h�l���h�[�_�d�l�b���b���i�j�Z��
�\�b�e�Z���� �a�Z�� �d�h�b�l�h�� �k�_�� �i�j�b�e�Z�]�Z�� �,�&�U�$���� �_�� �j�Z�a�r�b�j�_�g����
�J�Z�a�r�b�j�y�\�Z�g�_�l�h�� �g�Z�� �l�_�h�j�_�l�b�q�g�b�y�� �,�&�U�$�� �_�� �i�j�_�^��
�i�h�k�l�Z�\�d�Z���a�Z���i�h�^�h�[�j�y�\�Z�g�_���g�Z���i�j�b�e�h�`�b�f�h�k�l�l�Z���g�Z��
�f�_�l�h�^�Z���d�t�f���i�j�h�p�_�^�m�j�b���a�Z���\�a�_�f�Z�g�_���g�Z���j�_�r�_�g�b�y��
�\�� �m�k�e�h�\�b�y�l�Z�� �g�Z�� �g�_�h�i�j�_�^�_�e�_�g�h�k�l���� �i�j�b�� �e�b�i�k�Z�� �g�Z��
�h�i�j�_�^�_�e�_�g�b�� �^�Z�g�g�b���� �g�_�i�t�e�g�b�� �b�e�b�� �g�_�k�b�]�m�j�g�b��
�^�Z�g�g�b���� �d�Z�l�h�� �g�Z�i�j�b�f�_�j�� �f�_�^�b�p�b�g�k�d�b�� �^�Z�g�g�b�� �b��
�^�Z�g�g�b���a�Z���i�Z�p�b�_�g�l�Z�����d�Z�l�h���Z�g�Z�f�g�_�a�Z���b���n�m�g�d�p�b�h��
�g�Z�e�g�b���b�a�k�e�_�^�\�Z�g�b�y�� 

�<�� �>��4�@�� �_�� �i�j�h�\�_�^�_�g�h�� �b�a�k�e�_�^�\�Z�g�_�� �g�Z�� �Q-�l�b�i��
�B�J�F���b���_���h�[�k�t�^�_�g�Z���b�^�_�y�l�Z���d�Z�d���b�g�l�m�b�p�b�h�g�b�k�l�d�b��
�j�Z�a�f�b�l�b���^�\�h�c�d�b���h�l���l�h�a�b���l�b�i���f�h�]�Z�l���^�Z���k�_���b�a�i�h�e��
�a�\�Z�l���\���b�g�l�_�j�d�j�b�l�b�Z�e�g�b�y �Z�g�Z�e�b�a�� 

�G�y�d�h�b�� �b�a�k�e�_�^�\�Z�g�b�y�� �>��5, 26, 27�@�� �k�\�t�j�a�Z�g�b�� �k��
�i�j�b�e�Z�]�Z�g�_�l�h���g�Z���b�g�l�_�j�d�j�b�l�_�j�b�Z�e�g�b�y���Z�g�Z�e�b�a���b�a��
�i�h�e�a�\�Z�l�� �j�_�Z�e�b�a�Z�p�b�y�l�Z�� �g�Z�� �Z�e�]�h�j�b�l�t�f�Z�� �,�&�U�$�� �\��
�0�D�W�O�D�E�� �g�Z�� �Q�h�j�m�d�h�\�Z�� �b�� �d�h�e�_�d�l�b�\���� �g�h�� �i�h�\�_�q�_�l�h��
�b�a�k�e�_�^�\�Z�g�b�y���� �i�j�b�e�Z�]�Z�s�b�� �,�&�U�$�� �b�a�i�h�e�a�\�Z�l�� �k�i�_��
�p�b�Z�e�b�a�b�j�Z�g�b�y���k�h�n�l�m�_�j�����j�Z�a�j�Z�[�h�l�_�g���h�l���F�Z�\�j�h�\��
�a�Z�� �i�j�b�e�Z�]�Z�g�_�� �g�Z�� �,�&�U�$�� �b�� �i�j�_�^�k�l�Z�\�_�g�� �\�� �>28, 29]. 
�K�h�n�l�m�_�j�t�l���g�Z���F�Z�\�j�h�\���i�j�b�_�f�Z���^�\�_���f�Z�l�j�b�p�b���h�l��
�\�o�h�^�g�b���^�Z�g�g�b���b���b�a�\�_�`�^�Z���b�g�l�m�b�p�b�h�g�b�k�l�d�b���j�Z�a��
�f�b�l�b�l�_�� �^�\�h�c�d�b���� �d�h�b�l�h�� �h�i�b�k�\�Z�l�� �b�g�l�_�j�d�j�b�l�_�j�b��
�Z�e�g�Z�l�Z���\�j�t�a�d�Z�����d�Z�l�h���^�\�_���l�Z�[�e�b�p�b�����I�j�b�e�h�`�_�g�b��
�_�l�h�� �f�h�`�_�� �^�Z�� �j�Z�[�h�l�b�� �k�� �j�Z�[�h�l�g�b�� �d�g�b�]�b�� �g�Z��
�0�L�F�U�R�V�R�I�W�� �(�[�F�H�O�� �b�e�b�� �l�_�d�k�l�h�\�b�� �n�Z�c�e�h�\�_�� �b�� �i�j�_��
�^�h�k�l�Z�\�y�� �g�Z�q�b�g�b�� �a�Z�� �i�j�_�o�\�t�j�e�y�g�_�� �g�Z�� �b�a�o�h�^�g�b�l�_��
�^�Z�g�g�b�� �d�t�f�� �^�j�m�]�b�� �i�j�h�]�j�Z�f�b���� �L�h�� �f�h�`�_�� �^�Z��
�\�d�e�x�q�\�Z�� �b�� �n�m�g�d�p�b�h�g�Z�e�g�h�k�l�� �a�Z�� �i�h�d�Z�a�\�Z�g�_�� �g�Z��
�]�j�Z�n�b�d�b���g�Z���b�a�o�h�^�g�b�l�_���^�Z�g�g�b���>28�@�����<���>29�@���_���j�_�Z��
�e�b�a�b�j�Z�g�Z���^�h�i�t�e�g�b�l�_�e�g�Z���]�j�Z�n�b�q�g�Z���b�g�l�_�j�i�j�_�l�Z��
�p�b�y���g�Z���j�_�a�m�e�l�Z�l�b�l�_���h�l���,�&�U�$���\���b�g�l�m�b�p�b�h�g�b�k�l�d�b��
�j�Z�a�f�b�l�� �b�g�l�_�j�i�j�_�l�Z�p�b�h�g�_�g�� �l�j�b�t�]�t�e�g�b�d���� �<�t�i��
�j�_�d�b�� �q�_�� �i�j�_�^�k�l�Z�\�_�g�b�y�l�� �\�� �>28, 29, 30�@�� �k�h�n�l�m�_�j��
�b�f�Z���m�^�h�[�_�g���b�g�l�_�j�n�_�c�k���b���_���e�_�k�_�g���a�Z���b�a�i�h�e�a�\�Z�g�_����
�l�h�c���k�l�j�Z�^�Z���h�l���g�y�d�h�e�d�h���h�]�j�Z�g�b�q�_�g�b�y�����k�h�n�l�m�_�j�t�l��
�j�Z�[�h�l�b�� �k�Z�f�h�� �i�h�^�� �:�L�Q�G�R�Z�V���� �d�h�i�b�j�Z�g�b�l�_�� �^�Z�g�g�b��
�l�j�y�[�\�Z���^�Z���k�Z���k�t�\�f�_�k�l�b�f�b���k���0�L�F�U�R�V�R�I�W���(�[�F�H�O���b���\��
�l�Z�a�b�� �\�j�t�a�d�Z�� �g�Z�e�Z�]�Z�� �h�]�j�Z�g�b�q�_�g�b�_�� �g�Z�� �[�j�h�y�� �g�Z��
�h�[�_�d�l�b�l�_�����j�Z�a�i�h�e�h�`�_�g�b���\���d�h�e�h�g�b���� 

�<���>��1�@���_���i�j�_�^�e�h�`�_�g���g�h�\���f�_�`�^�m�i�e�Z�l�n�h�j�f�_�g��
�k�h�n�l�m�_�j�� �a�Z�� �b�a�i�t�e�g�_�g�b�_�� �g�Z�� �,�&�U�$���� �g�Z�j�_�q�_�g��
�,�&�U�$�'�D�W�D���� �K�h�n�l�m�_�j�t�l�� �_�� �g�Z�i�b�k�Z�g�� �g�Z�� �_�a�b�d�Z�� �a�Z��

�i�j�h�]�j�Z�f�b�j�Z�g�_���-�D�Y�D���� �,�&�U�$�'�D�W�D�� �\�b�a�m�Z�e�b�a�b�j�Z�� �j�_��
�a�m�e�l�Z�l�b�l�_���\���^�\�Z���i�Z�g�_�e�Z��- �f�Z�l�j�b�q�_�g���b���]�j�Z�n�b�q�_�g��
�b�a�]�e�_�^�����J�_�a�m�e�l�Z�l�b�l�_���f�h�]�Z�l���^�Z���k�_���_�d�k�i�h�j�l�b�j�Z�l���\��
�j�Z�a�e�b�q�g�b�� �n�h�j�f�Z�l�b���� �f�Z�k�b�\�b���� �\�_�d�l�h�j�b�� �b�� �]�j�Z��
�n�b�d�b���� �<�� �f�Z�l�j�b�q�g�b�y�� �b�a�]�e�_�^�� �^�Z�g�g�b�l�_�� �h�l�� �d�h�e�h��
�g�b�l�_�� �f�h�]�Z�l�� �^�Z�� �k�_�� �k�h�j�l�b�j�Z�l�� �\�t�\�� �\�t�a�o�h�^�y�s�� �b�e�b��
�g�b�a�o�h�^�y�s�� �j�_�^���� �=�j�Z�n�b�q�g�b�y�l�� �b�a�]�e�_�^�� �b�f�Z�� �h�i�p�b�b��
�a�Z���i�j�h�f�y�g�Z���g�Z���j�Z�a�f�_�j�Z���g�Z���b�g�l�m�p�b�h�g�b�k�l�d�h���j�Z�a��
�f�b�l�b�y���l�j�b�t�]�t�e�g�b�d���a�Z���b�g�l�_�j�i�j�_�l�Z�p�b�y�����a�Z���i�h�d�Z�a��
�\�Z�g�_���g�Z���f�j�_�`�Z���b���a�Z���a�Z�^�Z�\�Z�g�_���g�Z���j�Z�a�e�b�q�g�b���p�\�_��
�l�h�\�_���g�Z���l�h�q�d�b�l�_�����H�k�\�_�g���l�h�\�Z���b�a�[�j�Z�g�Z�l�Z���l�h�q�d�Z���\��
�]�j�Z�n�b�d�Z�l�Z���k�_���i�h�^�q�_�j�l�Z�\�Z���\���f�Z�l�j�b�q�g�b�y���b�a�]�e�_�^���b��
�h�[�j�Z�l�g�h�����?�^�g�h �h�l���^�h�i�t�e�g�b�l�_�e�g�b�l�_���i�j�_�^�b�f�k�l�\�Z��
�g�Z�� �,�&�U�$�'�D�W�D�� �_���� �q�_�� �l�y�� �i�h�a�\�h�e�y�\�Z�� �b�� �Z�g�Z�e�b�a�� �g�Z��
�^�Z�g�g�b�����i�j�_�^�k�l�Z�\�_�g�b���q�j�_�a���b�g�l�m�b�p�b�h�g�b�k�l�d�b���j�Z�a��
�f�b�l�b�� �^�\�h�c�d�b���� �,�&�U�$�'�D�W�D�� �g�y�f�Z�� �h�]�j�Z�g�b�q�_�g�b�_�� �a�Z��
�[�j�h�y���g�Z���h�[�_�d�l�b�l�_���b���j�Z�a�i�h�e�Z�]�Z���k���f�g�h�]�h���^�h�i�t�e�g�b��
�l�_�e�g�Z���n�m�g�d�p�b�h�g�Z�e�g�h�k�l���\���k�j�Z�\�g�_�g�b�_���k�t�k���k�h�n�l�m��
�_�j�Z���g�Z���F�Z�\�j�h�\�����G�_�s�h���i�h�\�_�q�_�����\���,�&�U�$�'�D�W�D���k�Z���j�_��
�Z�e�b�a�b�j�Z�g�b���i�_�l���j�Z�a�e�b�q�g�b���Z�e�]�h�j�b�l�t�f�Z�����—-�i�j�b�k�l��
�j�Z�k�l�_�g���� �g�_�i�j�b�k�l�j�Z�k�l�_�g���� ��-�i�j�b�k�l�j�Z�k�l�_�g���� �[�Z�e�Z�g��
�k�b�j�Z�g�� �b�� �i�j�_�l�_�]�e�_�g���� �a�Z�� �b�a�q�b�k�e�y�\�Z�g�_�� �g�Z�� �b�g��
�l�_�j�d�j�b�l�_�j�b�Z�e�g�b�� �h�l�g�h�r�_�g�b�y���� �\�� �k�t�h�l�\�_�l�k�l�\�b�_�� �k��
�Z�d�l�m�Z�e�g�h�l�h�� �j�Z�a�\�b�l�b�_�� �g�Z�� �l�_�h�j�b�y�l�Z�� �g�Z�� �,�&�U�$�� �>4, 
26]. 

 
�I�j�b�e�h�`�_�g�b�_�� �g�Z�� �,�&�U�$�� �\�� �j�Z�a�e�b�q�g�b�� �k�n�_�j�b��

�g�Z���q�h�\�_�r�d�h�l�h���i�h�a�g�Z�g�b�_ 
 
�G�Z�� �N�b�]�m�j�Z��2 �_�� �i�j�_�^�k�l�Z�\�_�g�Z�� �^�b�g�Z�f�b�d�Z�l�Z�� �g�Z��

�,�&�U�$�� �b�a�k�e�_�^�\�Z�g�b�y�l�Z���� �i�m�[�e�b�d�m�\�Z�g�b�� �\�� �i�_�j�b�h�^�Z��
2014-���������]�����G�Z���N�b�]�m�j�Z��3 �_���i�j�_�^�k�l�Z�\�_�g�Z���k�l�Z�l�b�k��
�l�b�d�Z�� �a�Z�� �i�m�[�e�b�d�m�\�Z�g�b�l�_�� �,�&�U�$�� �b�a�k�e�_�^�\�Z�g�b�y�� �]�h��
�^�b�r�g�h���a�Z �i�_�j�b�h�^�Z����������-���������]�����>�Z�g�g�b�l�_���g�Z���N�b��
�]�m�j�Z�������i�h�d�Z�a�\�Z�l�����q�_���h�l���k�t�a�^�Z�\�Z�g�_�l�h���g�Z���d�h�g�p�_�i��
�p�b�y�l�Z���,�&�U�$���i�j�_�a�����������]�����k�Z���i�m�[�e�b�d�m�\�Z�g�b������7 �b�a��
�k�e�_�^�\�Z�g�b�y���� �b�a�i�h�e�a�\�Z�s�b�� �d�h�g�p�_�i�p�b�y�l�Z�� �g�Z�� �,�&�U�$����
�H�l���^�Z�g�g�b�l�_���g�Z���N�b�]�m�j�Z��3 �k�_���\�b�`�^�Z�����q�_���k�e�_�^���k�t�a��
�^�Z�\�Z�g�_�l�h���g�Z���,�&�U�$���b�f�Z���a�g�Z�q�b�l�_�e�g�Z���Z�d�l�b�\�g�h�k�l���\��
�i�m�[�e�b�d�m�\�Z�g�_�l�h���g�Z���b�a�k�e�_�^�\�Z�g�b�y�����i�h�e�a�\�Z�s�b���l�h�a�b��
�b�g�k�l�j�m�f�_�g�l���� �,�&�U�$�� �g�Z�f�b�j�Z�� �i�j�b�e�h�`�_�g�b�_�� �\�� �j�Z�a��
�e�b�q�g�b���h�[�e�Z�k�l�b���g�Z���q�h�\�_�r�d�h�l�h���i�h�a�g�Z�g�b�_�����[�b�h�f�_��
�^�b�p�b�g�Z���b���d�Z�q�_�k�l�\�h���g�Z���`�b�\�h�l�����o�b�f�b�y���b���l�_�o�g�h�e�h��
�]�b�y���g�Z���g�_�n�l�Z�����b�d�h�g�h�f�b�d�Z���b���l�j�Z�g�k�i�h�j�l�����h�p�_�g�d�Z��
�g�Z�� �j�_�c�l�b�g�]�b�l�_�� �g�Z�� �m�g�b�\�_�j�k�b�l�_�l�b�l�_�� �\�� �j�Z�a�e�b�q�g�b��
�k�l�j�Z�g�b���� �_�d�h�e�h�]�b�y�� �b�� �f�_�l�_�h�j�h�e�h�]�b�y���� �b�a�d�m�k�l�\�_�g��
�b�g�l�_�e�_�d�l���� �f�_�l�Z�_�\�j�b�k�l�b�q�g�b�� �Z�e�]�h�j�b�l�f�b���� �g�_�\��
�j�h�g�g�b���f�j�_�`�b���b���^�j��
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�N�b�]�m�j�Z��2. �I�m�[�e�b�d�m�\�Z�g�b���b�a�k�e�_�^�\�Z�g�b�y�����k�\�t�j�a�Z�g�b���k���b�a�i�h�e�a�\�Z�g�_�l�h���g�Z���,�&�U�$���a�Z���i�_�j�b�h�^�Z����������-���������]�� 

 
 

 
 
�N�b�]�m�j�Z��3. �>�b�g�Z�f�b�d�Z���g�Z���b�a�f�_�g�_�g�b�_�l�h���g�Z���,�&�U�$���i�m�[�e�b�d�Z�p�b�b�l�_���]�h�^�b�r�g�h���a�Z���b�a�k�e�_�^�\�Z�g�b�y���i�_�j�b�h�^��
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�N�b�]�m�j�Z��4 �i�h�d�Z�a�\�Z���j�Z�a�i�j�_�^�_�e�_�g�b�_�l�h���g�Z���,�&�U�$���i�m�[�e�b�d�Z�p�b�b�l�_���\���j�Z�a�e�b�q�g�b�l�_���k�n�_�j�b���g�Z���q�h�\�_�r�d�h�l�h��
�i�h�a�g�Z�g�b�_ 

 
�N�b�]�m�j�Z��4.  �J�Z�a�i�j�_�^�_�e�_�g�b�_�l�h���g�Z���,�&�U�$���i�m�[�e�b�d�Z�p�b�b�l�_���\���j�Z�a�e�b�q�g�b�l�_���k�n�_�j�b���g�Z���q�h�\�_�r�d�h�l�h���i�h�a�g�Z��

�g�b�_ 

�B�g�l�_�j�d�j�b�l�_�j�b�Z�e�g�b�y�l�� �Z�g�Z�e�b�a�� �_�� �f�_�l�h�^�� �a�Z��
�h�p�_�g�d�Z���b���\�a�_�f�Z�g�_���g�Z���j�_�r�_�g�b�y�����d�h�c�l�h���k�_���b�a�i�h�e��
�a�\�Z���\���j�Z�a�e�b�q�g�b���h�[�e�Z�k�l�b���d�Z�l�h���b�g�^�m�k�l�j�b�y�����g�Z�m�d�Z����
�f�_�^�b�p�b�g�Z���� �b�d�h�g�h�f�b�d�Z���� �k�_�e�k�d�h�� �k�l�h�i�Z�g�k�l�\�h���� �k�h��
�p�b�Z�e�g�b�� �g�Z�m�d�b�� �b�� �_�d�h�e�h�]�b�y���� �I�j�b�e�h�`�_�g�b�_�l�h�� �g�Z��
�l�h�a�b�� �f�_�l�h�^�� �f�h�`�_�� �^�Z�� �[�t�^�_�� �i�h�e�_�a�g�h�� �\�t�\�� �\�k�y�d�Z��
�_�^�g�Z���h�l���l�_�a�b���h�[�e�Z�k�l�b�����d�Z�l�h���i�h�f�Z�]�Z���a�Z���Z�g�Z�e�b�a�b��
�j�Z�g�_�� �g�Z�� �\�a�Z�b�f�g�h�l�h�� �\�e�b�y�g�b�_�� �b�� �\�j�t�a�d�Z�� �f�_�`�^�m��
�j�Z�a�e�b�q�g�b���d�j�b�l�_�j�b�b���b�e�b���n�Z�d�l�h�j�b�����G�Z�i�j�b�f�_�j�����\��
�b�g�^�m�k�l�j�b�y�l�Z���b�g�l�_�j�d�j�b�l�_�j�b�Z�e�g�b�y�l���Z�g�Z�e�b�a���f�h�`�_��
�^�Z���k�_���b�a�i�h�e�a�\�Z���a�Z���h�i�l�b�f�b�a�b�j�Z�g�_���g�Z���i�j�h�b�a�\�h�^�k��
�l�\�_�g�b�l�_�� �i�j�h�p�_�k�b�� �b�e�b�� �a�Z�� �h�p�_�g�d�Z�� �g�Z�� �_�n�_�d�l�b�\��
�g�h�k�l�l�Z�� �g�Z�� �j�Z�a�e�b�q�g�b�� �i�j�h�^�m�d�l�b�� �b�e�b �m�k�e�m�]�b��
�k�i�j�y�f�h�� �h�i�j�_�^�_�e�_�g�b�� �d�j�b�l�_�j�b�b�� �d�Z�l�h�� �d�Z�q�_�k�l�\�h����
�p�_�g�Z�����\�j�_�f�_���a�Z���^�h�k�l�Z�\�d�Z���b���^�j�m�]�b���>��2-58�@�����N�Z�d��
�l�h�j�b���d�Z�l�h���i�j�h�b�a�\�h�^�b�l�_�e�g�h�k�l�����d�Z�q�_�k�l�\�h���g�Z���i�j�h��
�^�m�d�p�b�y�l�Z���� �j�Z�a�o�h�^�b�� �a�Z�� �i�j�h�b�a�\�h�^�k�l�\�h���� �\�t�a�f�h�`��
�g�h�k�l�b�� �a�Z�� �m�k�l�h�c�q�b�\�h�k�l�� �b�� �^�j�m�]�b�� �f�h�]�Z�l�� �^�Z�� �[�t�^�Z�l��
�Z�g�Z�e�b�a�b�j�Z�g�b���a�Z���h�i�l�b�f�b�a�b�j�Z�g�_���g�Z���i�j�h�p�_�k�b�l�_�� 

�B�g�l�_�j�d�j�b�l�_�j�b�Z�e�g�b�y�l�� �Z�g�Z�e�b�a�� �_�� �\�Z�`�_�g�� �b�g�k�l��
�j�m�f�_�g�l���\���g�Z�m�d�Z�l�Z���a�Z���h�p�_�g�d�Z�����Z�g�Z�e�b�a���b���\�a�_�f�Z�g�_��
�g�Z�� �j�_�r�_�g�b�y�� �\�� �j�Z�a�e�b�q�g�b�� �h�[�e�Z�k�l�b�� �>59-95]. �I�j�b��
�Z�g�Z�e�b�a�Z���g�Z���g�Z�m�q�g�b���j�_�a�m�e�l�Z�l�b�����b�g�l�_�j�d�j�b�l�_�j�b�Z�e��
�g�b�y�l���Z�g�Z�e�b�a���f�h�`�_���^�Z���k�_���b�a�i�h�e�a�\�Z���a�Z���h�p�_�g�d�Z���g�Z��
�l�_�o�g�b�l�_���\�t�a�^�_�c�k�l�\�b�y���b���a�g�Z�q�b�f�h�k�l���\���d�h�g�l�_�d�k�l�Z��
�g�Z�� �j�Z�a�e�b�q�g�b�� �d�j�b�l�_�j�b�b�� �d�Z�l�h�� �g�Z�m�q�g�Z�� �h�j�b�]�b�g�Z�e��
�g�h�k�l���� �f�_�l�h�^�h�e�h�]�b�q�_�k�d�Z�� �k�l�j�h�]�h�k�l���� �h�[�o�\�Z�l�� �g�Z��
�\�t�a�^�_�c�k�l�\�b�_�����p�b�l�b�j�m�_�f�h�k�l���b���^�j�m�]�b�����I�j�_�^�b���i�j�h��
�\�_�`�^�Z�g�_�l�h���g�Z���g�Z�m�q�_�g���_�d�k�i�_�j�b�f�_�g�l�����b�a�[�h�j�t�l���g�Z��
�i�Z�j�Z�f�_�l�j�b�����f�_�l�h�^�b���b���l�_�o�g�b�d�Z���g�Z���_�d�k�i�_�j�b�f�_�g�l�Z��

�_�� �d�j�b�l�b�q�_�g�� �a�Z�� �i�h�k�l�b�]�Z�g�_�� �g�Z�� �`�_�e�Z�g�b�l�_�� �j�_�a�m�e��
�l�Z�l�b�����B�g�l�_�j�d�j�b�l�_�j�b�Z�e�g�b�y�l���Z�g�Z�e�b�a���f�h�`�_���^�Z���i�h��
�f�h�]�g�_���a�Z���h�i�l�b�f�b�a�Z�p�b�y���g�Z���l�_�a�b���b�a�[�h�j�b�����d�Z�l�h���k�_��
�\�a�_�f�Z�l�� �i�j�_�^�\�b�^�� �j�Z�a�e�b�q�g�b�� �d�j�b�l�_�j�b�b�� �d�Z�l�h�� �l�h�q��
�g�h�k�l�����i�j�_�p�b�a�g�h�k�l�����j�_�k�m�j�k�b���b���^�j�m�]�b�� 

�<�� �f�_�^�b�p�b�g�Z�l�Z�� �b�g�l�_�j�d�j�b�l�_�j�b�Z�e�g�b�y�l�� �Z�g�Z�e�b�a��
�f�h�`�_���^�Z���[�t�^�_���i�j�b�e�h�`�_�g���a�Z���k�j�Z�\�g�b�l�_�e�g�Z���h�p�_�g�d�Z��
�g�Z���j�Z�a�e�b�q�g�b���f�_�l�h�^�b���a�Z���e�_�q�_�g�b�_���g�Z���a�Z�[�h�e�y�\�Z�g�b�y��
�b�e�b�� �a�Z�� �b�a�[�h�j�� �g�Z�� �g�Z�c-�i�h�^�o�h�^�y�s�b�y�� �i�h�^�o�h�^��
�k�i�j�y�f�h���j�Z�a�e�b�q�g�b���i�Z�j�Z�f�_�l�j�b���d�Z�l�h���_�n�_�d�l�b�\�g�h�k�l����
�j�b�k�d�h�\�_�����j�Z�a�o�h�^�b���b���^�j�m�]�b���>96-117]. �I�j�b���b�a�[�h�j�Z��
�g�Z���e�_�q�_�g�b�_���a�Z���d�h�g�d�j�_�l�g�h���a�Z�[�h�e�y�\�Z�g�_�����b�g�l�_�j�d�j�b��
�l�_�j�b�Z�e�g�b�y�l���Z�g�Z�e�b�a���f�h�`�_���^�Z���i�h�f�h�]�g�_���a�Z���h�p�_�g�d�Z��
�g�Z�� �j�Z�a�e�b�q�g�b�l�_�� �h�i�p�b�b�� �a�Z�� �e�_�q�_�g�b�_���� �D�j�b�l�_�j�b�b��
�d�Z�l�h�� �_�n�_�d�l�b�\�g�h�k�l���� �g�_�[�e�Z�]�h�i�j�b�y�l�g�b�� �_�n�_�d�l�b����
�j�Z�a�o�h�^�b���� �m�^�h�[�k�l�\�h�� �a�Z�� �i�Z�p�b�_�g�l�Z�� �b�� �^�j�m�]�b�� �f�h�]�Z�l��
�^�Z���[�t�^�Z�l���Z�g�Z�e�b�a�b�j�Z�g�b�����a�Z���^�Z���k�_���\�a�_�f�_���g�Z�c-�^�h�[��
�j�h�l�h���j�_�r�_�g�b�_���a�Z���d�h�g�d�j�_�l�_�g���i�Z�p�b�_�g�l�����I�j�b���\�g�_�^��
�j�y�\�Z�g�_�l�h���g�Z���g�h�\�b���f�_�^�b�p�b�g�k�d�b���l�_�o�g�h�e�h�]�b�b���b�e�b��
�i�j�h�p�_�^�m�j�b���� �b�g�l�_�j�d�j�b�l�_�j�b�Z�e�g�b�y�l�� �Z�g�Z�e�b�a�� �f�h�`�_��
�^�Z���k�_���b�a�i�h�e�a�\�Z���a�Z���h�p�_�g�d�Z���g�Z���l�_�o�g�b�l�_���i�j�_�^�b�f�k��
�l�\�Z���b���g�_�^�h�k�l�Z�l�t�p�b�� 

�<���b�d�h�g�h�f�b�d�Z�l�Z���b�g�l�_�j�d�j�b�l�_�j�b�Z�e�g�b�y�l���Z�g�Z�e�b�a��
�f�h�`�_���^�Z���i�h�f�h�]�g�_���i�j�b���\�a�_�f�Z�g�_�l�h���g�Z���j�_�r�_�g�b�y���a�Z��
�b�g�\�_�k�l�b�p�b�b���� �j�Z�a�i�j�_�^�_�e�_�g�b�_�� �g�Z�� �j�_�k�m�j�k�b���� �h�i�l�b��
�f�b�a�b�j�Z�g�_�� �g�Z�� �i�j�h�p�_�k�b�� �b�� �^�j�m�]�b�� �b�d�h�g�h�f�b�q�_�k�d�b��
�\�t�i�j�h�k�b�� �>��18-127�@���� �I�j�b�� �b�g�\�_�k�l�b�p�b�h�g�g�b�l�_�� �j�_��
�r�_�g�b�y���b�g�l�_�j�d�j�b�l�_�j�b�Z�e�g�b�y�l���Z�g�Z�e�b�a���f�h�`�_���^�Z���k�_��
�b�a�i�h�e�a�\�Z�� �a�Z�� �h�p�_�g�d�Z�� �g�Z�� �j�Z�a�e�b�q�g�b�l�_�� �b�g�\�_�k�l�b�p�b��

�B�g�^�m�k�l�j�b�y; 22%

�G�Z�m�d�Z; 43%�F�_�^�b�p�b�g�Z; 17%

�B�d�h�g�h�f�b�d�Z; 8%

�K�_�e�k�d�h���k�l�h�i�Z�g�k�l�\�h; 
3%

�K�h�p�b�Z�e�g�b���g�Z�m�d�b; 1%

�?�d�h�e�h�]�b�y; 6%

�H�[�e�Z�k�l�b���g�Z���i�j�b�e�h�`�_�g�b�_���g�ZICrA
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�h�g�g�b���\�t�a�f�h�`�g�h�k�l�b�����D�j�b�l�_�j�b�b���d�Z�l�h���\�t�a�\�j�t�s�Z�_��
�f�h�k�l�� �g�Z�� �b�g�\�_�k�l�b�p�b�y�l�Z���� �j�b�k�d�h�\�_���� �e�b�d�\�b�^�g�h�k�l����
�i�_�j�b�h�^���g�Z���\�j�t�s�Z�_�f�h�k�l���b���^�j�m�]�b���f�h�]�Z�l���^�Z���[�t�^�Z�l��
�Z�g�Z�e�b�a�b�j�Z�g�b���� �a�Z�� �^�Z�� �k�_�� �h�i�j�_�^�_�e�y�l�� �g�Z�c-�^�h�[�j�b�l�_��
�b�g�\�_�k�l�b�p�b�h�g�g�b�� �\�t�a�f�h�`�g�h�k�l�b���� �B�g�l�_�j�d�j�b�l�_�j�b��
�Z�e�g�b�y�l�� �Z�g�Z�e�b�a�� �f�h�`�_�� �^�Z�� �k�_�� �b�a�i�h�e�a�\�Z�� �a�Z�� �h�p�_�g�d�Z��
�g�Z���d�h�g�d�m�j�_�g�l�h�k�i�h�k�h�[�g�h�k�l�l�Z���g�Z���j�Z�a�e�b�q�g�b���i�j�_�^��
�i�j�b�y�l�b�y�� 

�<���k�_�e�k�d�h�l�h���k�l�h�i�Z�g�k�l�\�h���b�g�l�_�j�d�j�b�l�_�j�b�Z�e�g�b�y�l��
�Z�g�Z�e�b�a�� �f�h�`�_���^�Z���k�_�� �b�a�i�h�e�a�\�Z�� �a�Z�� �h�p�_�g�d�Z�� �g�Z�� �j�Z�a��
�e�b�q�g�b�� �f�_�l�h�^�b�� �a�Z�� �a�_�f�_�^�_�e�k�d�h�� �i�j�h�b�a�\�h�^�k�l�\�h����
�k�j�Z�\�g�_�g�b�_���g�Z���j�Z�a�e�b�q�g�b���d�m�e�l�m�j�b���b�e�b���j�Z�a�g�h�\�b�^��
�g�h�k�l�b���g�Z���k�_�f�_�g�Z�l�Z���k�i�j�y�f�h���j�Z�a�e�b�q�g�b���d�j�b�l�_�j�b�b��
�d�Z�l�h���^�h�[�b�\�����m�k�l�h�c�q�b�\�h�k�l���g�Z���[�h�e�_�k�l�b�����j�_�k�m�j�k�b���b��
�^�j�m�]�b���>��28-130]. �I�j�b���i�e�Z�g�b�j�Z�g�_�l�h���g�Z���a�_�f�_�^�_�e��
�k�d�b�l�_�� �d�m�e�l�m�j�b���� �b�g�l�_�j�d�j�b�l�_�j�b�Z�e�g�b�y�l�� �Z�g�Z�e�b�a��
�f�h�`�_�� �^�Z�� �k�_�� �b�a�i�h�e�a�\�Z�� �a�Z�� �h�p�_�g�d�Z�� �g�Z�� �j�Z�a�e�b�q�g�b�l�_��
�k�h�j�l�h�\�_���� �D�j�b�l�_�j�b�b�� �d�Z�l�h�� �g�m�`�^�b�� �h�l�� �\�h�^�Z�� �b�� �l�h��
�j�_�g�_���� �k�_�a�h�g�_�g�� �p�b�d�t�e���� �i�Z�a�Z�j�g�b�� �\�t�a�f�h�`�g�h�k�l�b�� �b��
�^�j�m�]�b���f�h�]�Z�l���^�Z���[�t�^�Z�l���Z�g�Z�e�b�a�b�j�Z�g�b�����a�Z���^�Z���k�_���h�i��
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�\�Z�g�_�� �g�Z�� �k�h�p�b�Z�e�g�b�� �\�t�a�^�_�c�k�l�\�b�y�� �b�e�b�� �h�p�_�g�d�Z�� �g�Z��
�j�Z�a�e�b�q�g�b���k�h�p�b�Z�e�g�b���y�\�e�_�g�b�y���>��31,132]. �I�j�b���b�a��
�k�e�_�^�\�Z�g�_�l�h�� �g�Z�� �k�h�p�b�Z�e�g�b�� �i�j�h�[�e�_�f�b�� �b�� �y�\�e�_�g�b�y����
�b�g�l�_�j�d�j�b�l�_�j�b�Z�e�g�b�y�l���Z�g�Z�e�b�a���f�h�`�_���^�Z���k�_���b�a�i�h�e��
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�j�Z�g�_���b���Z�g�Z�e�b�a���g�Z���^�Z�g�g�b�����D�j�b�l�_�j�b�b���d�Z�l�h���g�Z�^�_�`��
�^�g�h�k�l���� �\�Z�e�b�^�g�h�k�l���� �h�[�o�\�Z�l���� �_�l�b�q�g�b�� �\�t�i�j�h�k�b�� �b��
�^�j�m�]�b���f�h�]�Z�l���^�Z���[�t�^�Z�l���Z�g�Z�e�b�a�b�j�Z�g�b�����a�Z���^�Z���k�_���h�i��
�j�_�^�_�e�y�l�� �g�Z�c-�i�h�^�o�h�^�y�s�b�l�_�� �f�_�l�h�^�b�� �a�Z�� �d�h�g�d�j�_�l��
�g�h�l�h���b�a�k�e�_�^�\�Z�g�_�� 

�<�� �_�d�h�e�h�]�b�y�l�Z�� �b�g�l�_�j�d�j�b�l�_�j�b�Z�e�g�b�y�l�� �Z�g�Z�e�b�a��
�f�h�`�_���^�Z���k�_���b�a�i�h�e�a�\�Z���a�Z���h�p�_�g�d�Z���g�Z���\�t�a�^�_�c�k�l�\�b��
�_�l�h�� �g�Z�� �j�Z�a�e�b�q�g�b���q�h�\�_�r�d�b�� �^�_�c�g�h�k�l�b�� �\�t�j�o�m��
�h�d�h�e�g�Z�l�Z�� �k�j�_�^�Z���� �k�j�Z�\�g�b�l�_�e�g�Z�� �h�p�_�g�d�Z�� �g�Z�� �j�Z�a��
�e�b�q�g�b���f�_�l�h�^�b���a�Z���h�i�Z�a�\�Z�g�_���g�Z���i�j�b�j�h�^�Z�l�Z���b�e�b���a�Z��
�b�a�[�h�j�� �g�Z�� �g�Z�c-�i�h�^�o�h�^�y�s�b�l�_�� �f�_�j�d�b�� �a�Z�� �g�Z�f�Z�e�y��
�\�Z�g�_���g�Z���_�d�h�e�h�]�b�q�g�b�l�_���i�j�h�[�e�_�f�b���>��33-140]. 

�>�Z�g�g�b�l�_���\���L�Z�[�e�b�p�Z��4 �k�Z���i�j�_�^�k�l�Z�\�_�g�b���������Z�\��
�l�h�j�Z�����d�h�b�l�h���b�f�Z�l���g�Z�c-�f�g�h�]�h �i�m�[�e�b�d�Z�p�b�b�����k�\�t�j��
�a�Z�g�b���k���i�j�b�e�Z�]�Z�g�_�l�h���g�Z��ICrA �\���j�Z�a�e�b�q�g�b���k�n�_�j�b��
�g�Z���g�Z�m�q�g�h-�b�a�k�e�_�^�h�\�Z�l�_�e�k�d�Z�l�Z���^�_�c�g�h�k�l�����H�l���l�_�a�b��
�^�Z�g�g�b���k�_���\�b�`�^�Z�����q�_���g�Z�c-�]�h�e�y�f���i�j�b�g�h�k���\���i�m�[�e�b��
�d�m�\�Z�g�b�l�_�� �b�a�k�e�_�^�\�Z�g�b�y���� �k�\�t�j�a�Z�g�b�� �k�� �l�_�h�j�b�y�l�Z�� �b��
�i�j�b�e�Z�]�Z�g�_�l�h�� �g�Z��ICrA �_�� �Z�d�Z�^�_�f�b�d�� �:�l�Z�g�Z�k�h�\����
�d�h�c�l�h�� �h�l�]�h�\�Z�j�y�� �a�Z��43,8���� �h�l�� �\�k�b�q�d�b�� �i�m�[�e�b�d�Z��
�p�b�b���� �k�e�_�^�\�Z�g�� �h�l���^�h�p�_�g�l�� �:�l�Z�g�Z�k�h�\�Z (36,5���� �h�l��
�\�k�b�q�d�b�� �i�m�[�e�b�d�Z�p�b�b������ �i�j�h�n�_�k�h�j���J�h�_�\�Z (29,9%) 
�b���^�j�� 
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A GENERAL OVERVIEW OF GENERALIZED NETS AND THEIR USE FOR PROCESS 

MODELING IN AN OIL REFINERY  
 

Danail Stratiev 
 

ABSTRACT: This study introduces the concept of generalized networks as a tool for modeling 
parallel processes in complex systems. Also, this concept is applied to the modeling of heavy oil 
production processes in an oil refinery. 
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1. �H�[�s�Z���i�j�_�^�k�l�Z�\�Z���a�Z���h�[�h�[�s�_�g�b�l�_���f�j�_�`�b 
 
�I�t�j�\�h�g�Z�q�Z�e�g�b�l�_���f�j�_�`�b�����\�t�\�_�^�_�g�b���h�l���D�Z�j�e-

�:�^�Z�f���I�_�l�j�b�����\�`�����>���������@�������k�_���g�Z�j�b�q�Z�l�����f�j�_�`�b���a�Z��
�i�j�_�o�h�^���g�Z���f�_�k�l�Z�����b���k�_���b�a�i�h�e�a�\�Z�l���a�Z���f�h�^�_�e�b�j�Z�g�_��
�g�Z�� �i�Z�j�Z�e�_�e�g�b�� �k�b�k�l�_�f�b�����D�h�g�p�_�i�p�b�y�l�Z�� �a�Z��
�h�[�h�[�s�_�g�Z�� �f�j�_�`�Z�� ���H�F������ �d�h�y�l�Z �\�k�t�s�g�h�k�l��
�i�j�_�^�k�l�Z�\�e�y�\�Z�� �j�Z�a�r�b�j�_�g�b�_�� �g�Z�� �f�_�j�`�b�l�_�� �g�Z��
�I�_�l�j�b�� �_�� �h�i�b�k�Z�g�Z�� �\�� �d�g�b�]�b�l�_��[3, 4, 5]. 
�H�[�h�[�s�_�g�b�l�_�� �f�j�_�`�b�� �k�_�� �^�_�n�b�g�b�j�Z�l�� �i�h�� �g�Z�q�b�g����
�d�h�c�l�h�� �_�� �i�j�b�g�p�b�i�g�h�� �j�Z�a�e�b�q�_�g�� �h�l�� �g�Z�q�b�g�b�l�_�� �a�Z��
�^�_�n�b�g�b�j�Z�g�_�� �g�Z�� �^�j�m�]�b�l�_�� �\�b�^�h�\�_�� �f�j�_�`�b�� �g�Z��
�I�_�l�j�b�����G�Z���N�b�]���������_���i�h�d�Z�a�Z�g���h�[�h�[�s�_�g�Z���f�j�_�`�Z �g�Z��
�i�j�h�p�_�k�b�l�_�� �g�Z�� �i�j�h�b�a�\�h�^�k�l�\�h�� �g�Z�� �l�_�`�d�b��
�g�_�n�l�h�i�j�h�^�m�d�l�b�� ���j�Z�a�e�b�q�g�b�� �f�Z�j�d�b���d�h�l�_�e�g�b��
�]�h�j�b�\�Z�� �b�� �i�t�l�g�b�� �[�b�l�m�f�b�� �\�� �_�^�g�Z�� �i�_�l�j�h�e�g�Z��
�j�Z�n�b�g�_�j�b�y���� �F�_�k�l�Z�l�Z�� �\�� �g�_�y�� �k�Z�� �h�l�[�_�e�y�a�Z�g�b�� �k�� ������
�<�k�y�d�Z�� �q�Z�k�l�� �h�l�� �f�j�_�`�Z�l�Z���� �d�h�y�l�h�� �b�a�]�e�_�`�^�Z�� �d�Z�l�h��
�i�h�d�Z�a�Z�g�Z�l�Z�� �g�Z���N�b�]���� ������ �k�_�� �g�Z�j�b�q�Z�� �i�j�_�o�h�^�� ���i�h-
�l�h�q�g�h�� �]�j�Z�n�b�q�g�Z�� �k�l�j�m�d�l�m�j�Z�� �g�Z�� �i�j�_�o�h�^�Z���� 

�M�k�e�h�\�b�y�l�Z�� �g�Z�� �i�j�_�o�h�^�Z�� �k�_�� �h�a�g�Z�q�Z�\�Z�l�� �k��. 
�H�[�h�[�s�_�g�b�l�_�� �f�j�_�`�b���� �i�h�^�h�[�g�h�� �g�Z�� �^�j�m�]�b�l�_��
�f�j�_�`�b�� �g�Z�� �I�_�l�j�b���� �k�t�^�t�j�`�Z�l�� �y�^�j�Z���� �d�h�b�l�h�� �k�_��
�i�j�_�o�\�t�j�e�y�l�� �h�l�� �f�y�k�l�h�� �g�Z�� �f�y�k�l�h���� �<�k�y�d�h�� �y�^�j�h��
�\�e�b�a�Z�� �\�� �f�j�_�`�Z�l�Z�� �k�� �g�Z�q�Z�e�g�Z�� �o�Z�j�Z�d�l�_�j�b�k�l�b�d�Z����
�I�j�b�� �\�k�_�d�b�� �i�j�_�o�h�^�� �y�^�j�h�l�h�� �i�h�e�m�q�Z�\�Z�� �g�h�\�b��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�b���� �L�Z�d�Z�� �l�_�� ���k�t�[�b�j�Z�l���� �k�\�h�y�l�Z��
���b�k�l�h�j�b�y�����b���\���b�a�\�_�k�l�_�g���k�f�b�k�t�e���k�_���i�j�_�\�j�t�s�Z�l���\��
�b�g�^�b�\�b�^�b�����L�h�\�Z���_���i�t�j�\�Z�l�Z���k�t�s�_�k�l�\�_�g�Z���j�Z�a�e�b�d�Z��
�k���^�j�m�]�b�l�_���\�b�^�h�\�_���f�j�_�`�b���g�Z���I�_�l�j�b�����<�k�y�d�h���f�y�k�l�h��
�\���h�[�h�[�s�_�g�Z�l�Z���f�j�_�`�Z���b�f�Z���g�Z�c-�f�g�h�]�h���_�^�g�Z���^�t�]�Z����
�d�h�y�l�h�� �\�e�b�a�Z�� �\�� �g�_�]�h���� �b�� �g�Z�c-�f�g�h�]�h�� �_�^�g�Z���^�t�]�Z����
�d�h�y�l�h�� �]�h�� �g�Z�i�m�k�d�Z���� �F�_�k�l�Z�l�Z���� �\�� �d�h�b�l�h�� �g�y�f�Z��

�\�o�h�^�g�b�� �^�t�]�b���� �k�_�� �g�Z�j�b�q�Z�l�� �\�o�h�^�g�b�� �f�_�k�l�Z�� �a�Z��
�f�j�_�`�Z�l�Z�����O1, l2 �g�Z���N�b�]�������������Z���l�_�a�b�����\���d�h�b�l�h���g�y�f�Z��
�g�Z�i�m�k�d�Z�s�b���^�t�]�b�����k�_���g�Z�j�b�q�Z�l���b�a�o�h�^�g�b���f�_�k�l�Z�����O14 
�b�� �O15 �g�Z�� �N�b�]���� �������� �<�o�h�^�g�b�l�_�� �f�_�k�l�Z�� �k�Z�� �\�b�g�Z�]�b��
�\�e�y�\�h���h�l���i�j�_�o�h�^�Z�����Z���b�a�o�h�^�g�b�l�_���f�_�k�l�Z���k�Z���\�b�g�Z�]�b��
�\�^�y�k�g�h���h�l���i�j�_�o�h�^�Z�����<�k�y�d�h���f�y�k�l�h���b�f�Z���g�Z�c-�f�g�h�]�h��
�_�^�g�Z�� �\�o�h�^�g�Z�� �b�� �g�Z�c-�f�g�h�]�h�� �_�^�g�Z�� �b�a�o�h�^�g�Z�� �^�t�]�Z����
�D�h�]�Z�l�h�� �y�^�j�Z�l�Z�� �\�e�y�a�Z�l�� �\�t�\�� �\�o�h�^�g�b�l�_�� �f�_�k�l�Z�� �g�Z��
�^�Z�^�_�g�� �i�j�_�o�h�^���� �l�h�c�� �k�l�Z�\�Z�� �i�h�l�_�g�p�b�Z�e�g�h��
�\�t�a�i�e�Z�f�_�g�y�_�f�� �b�� �\�� �f�h�f�_�g�l�Z�� �g�Z�� �i�j�_�o�\�t�j�e�y�g�_�l�h��
�b�f�� �d�t�f�� �b�a�o�h�^�g�b�l�_�� �f�_�k�l�Z�� �g�Z�� �i�j�_�o�h�^�Z���� �l�h�� �k�_��
�\�t�a�i�e�Z�f�_�g�y�\�Z�����I�j�_�o�h�^�t�l���k�l�Z�\�Z���Z�d�l�b�\�_�g���\���^�Z�^�_�g��
�f�h�f�_�g�l�� �h�l�� �\�j�_�f�_�� �b�� �_�� �Z�d�l�b�\�_�g�� �^�h�� �^�j�m�]��
�i�j�_�^�\�Z�j�b�l�_�e�g�h�� �h�i�j�_�^�_�e�_�g�� �f�h�f�_�g�l���� �<�l�h�j�Z�l�Z��
�h�k�g�h�\�g�Z�� �j�Z�a�e�b�d�Z�� �f�_�`�^�m�� �h�[�h�[�s�_�g�b�l�_�� �f�j�_�`�b�� �b��
�h�[�b�d�g�h�\�_�g�b�l�_�� �f�j�_�`�b�� �g�Z�� �I�_�l�j�b�� �_�� �j�_�e�Z�p�b�y�l�Z��
���f�y�k�l�h��- �i�j�_�o�h�^���� ���\�`���� �>���@������ �L�m�d�� �i�j�_�o�h�^�b�l�_�� �k�Z��
�h�[�_�d�l�b�� �k�� �i�h-�k�e�h�`�_�g�� �o�Z�j�Z�d�l�_�j���� �?�^�b�g�� �i�j�_�o�h�^��
�f�h�`�_���^�Z���k�t�^�t�j�`�Z���P���\�o�h�^�g�b���b���Q���b�a�o�h�^�g�b���f�_�k�l�Z����
�d�t�^�_�l�h���P�����Q���•���������I�j�b���h�i�b�k�Z�g�b�_�l�h���g�Z���i�j�_�o�h�^�b�l�_��
�s�_�� �k�_�� �b�a�i�h�e�a�\�Z�l�� �b�g�^�_�d�k�g�b�� �f�Z�l�j�b�p�b�� ���,�0���� �\�`����
�>���@������ �L�j�_�l�Z�l�Z�� �h�k�g�h�\�g�Z�� �j�Z�a�e�b�d�Z�� �_�� �k�\�t�j�a�Z�g�Z�� �k��
�\�j�_�f�_�l�h�����i�j�_�a���d�h�_�l�h���n�m�g�d�p�b�h�g�b�j�Z���h�[�h�[�s�_�g�Z�l�Z��
�f�j�_�`�Z���� �L�y�� �f�h�`�_�� �^�Z�� �k�_�� �h�i�j�_�^�_�e�b�� �h�l�� �g�y�d�Z�d�\�Z��
�]�e�h�[�Z�e�g�Z�� �\�j�_�f�_�\�Z�� �k�d�Z�e�Z�� �b�� �\�� �l�h�a�b�� �k�e�m�q�Z�c��
�f�j�_�`�Z�l�Z�� �g�_�� �_�� �b�g�\�Z�j�b�Z�g�l�g�Z�� �i�h�� �h�l�g�h�r�_�g�b�_�� �g�Z��
�\�j�_�f�_�\�b�l�_�� �i�Z�j�Z�f�_�l�j�b���� �G�Z�i�j�b�f�_�j�� �h�k�g�h�\�g�b�y�l��
�H�F-�f�h�^�_�e�� �h�l�� �N�b�]���� ������ �d�h�c�l�h�� �i�j�_�^�k�l�Z�\�y��
�]�e�h�[�Z�e�g�b�l�_�� �i�j�h�p�_�k�b�� �\�� �_�^�g�Z�� �i�_�l�j�h�e�g�Z��
�j�Z�n�b�g�_�j�b�y�� ���� �\�� �k�e�m�q�Z�y�� �l�h�\�Z�� �_�� �Ä�E�M�D�H�C�E��
�G�_�n�l�h�o�b�f�� �;�m�j�]�Z�k�³�� �:�>������ �g�Z�q�Z�e�g�b�y�l�� �\�j�_�f�_�\�b��
�f�h�f�_�g�l�� �g�Z�� �n�m�g�d�p�b�h�g�b�j�Z�g�_�� �g�Z�� �H�F�� �f�h�`�_�� �^�Z��
�[�t�^�_���g�y�d�Z�d�\�Z���^�Z�l�Z���k�e�_�^�������k�_�i�l�_�f�\�j�b�������������]�������Z��
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�i�j�h�^�t�e�`�b�l�_�e�g�h�k�l�l�Z���g�Z���n�m�g�d�p�b�h�g�b�j�Z�g�_���g�Z���H�F��
�f�h�`�_�� �^�Z���[�t�^�_���� �g�Z�i�j�b�f�_�j���� �������� �]�h�^�b�g�b���� �D�h�]�Z�l�h��
�b�f�Z�� �H�F-�f�h�^�_�e�b�� �g�Z�� �g�y�d�h�b�� ���j�Z�a�e�b�q�g�b���� �g�h��
�k�\�t�j�a�Z�g�b�����i�j�h�p�_�k�b�����d�h�b�l�h���i�j�h�l�b�q�Z�l���i�Z�j�Z�e�_�e�g�h��
�\�t�\�� �\�j�_�f�_�l�h���� �f�h�`�_�� �^�Z�� �k�_�� �b�a�i�h�e�a�\�Z�l�� �j�Z�a�e�b�q�g�b��
�b�e�b�� �k�Z�f�h�� �_�^�g�Z�� �\�j�_�f�_�\�Z�� �k�d�Z�e�Z���� �h�l�q�b�l�Z�s�Z��

�f�h�f�_�g�l�b�l�_���g�Z���h�l�^�_�e�g�b�l�_���k�t�[�b�l�b�y���\���i�j�h�p�_�k�b�l�_����
�<���g�Z�k�l�h�y�s�Z�l�Z���n�h�j�f�Z���g�Z���h�i�j�_�^�_�e�_�g�b�_�l�h���g�Z���H�F��
�\�j�_�f�_�l�h�� �_�� �^�b�k�d�j�_�l�g�h���� �L�h�� �k�_�� �m�\�_�e�b�q�Z�\�Z�� �k��
�^�b�k�d�j�_�l�g�b�� �k�l�t�i�d�b���� �F�h�`�_�� �^�Z�� �k�_�� �\�b�^�b��
�k�t�k�l�h�y�g�b�_�l�h�� �g�Z�� �H�F-�f�h�^�_�e�Z�� �\�t�\�� �\�k�_�d�b�� �l�_�d�m�s��
�\�j�_�f�_�\�b���f�h�f�_�g�l�� 

 
�N�b�]. 1. �H�F���f�h�^�_�e���g�Z���i�j�h�b�a�\�h�^�k�l�\�h�l�h���g�Z���l�_�`�d�b���g�_�n�l�h�i�j�h�^�m�d�l�b���\���_�^�g�Z���i�_�l�j�h�e�g�Z���j�Z�n�b�g�_�j�b�y�� 



87 

 
�N�b�]. 2 �=�j�Z�n�b�q�g�Z���k�l�j�m�d�l�m�j�Z���g�Z���i�j�_�o�h�^�Z 

 
�G�y�d�h�b�� �h�a�g�Z�q�_�g�b�y���� �b�a�i�h�e�a�\�Z�g�b�� �i�j�b��

�f�h�^�_�e�b�j�Z�g�_�l�h���k���H�F�� 
�x ��  � ���^�������������������«�`���‰ { �f };  
�x pri�;���_���L-�l�Z�l�Z���i�j�h�_�d�p�b�y���g�Z���Q-�f�_�j�g�h�l�h��

�f�g�h�`�_�k�l�\�h�����d�t�^�_�l�h���Q���•  �������Q���t�����b��1 �d k �d n�����I�h-
�h�[�s�h���d�Z�a�Z�g�h�����a�Z���^�Z�^�_�g�h���Q-�f�_�j�g�h���f�g�h�`�_�k�l�\�h��
X(n �t 2) 

1 2
1

k j

k

i ,i ,...,i i
j

pr X pr X
� 

� �–  

(1 �d i j �d n, 1 �d j �d k, i j' �d i j'' for j'  �z j'' ); 
�x card(X���� �_�� �d�Z�j�^�b�g�Z�e�g�h�k�l�l�Z�� �g�Z��

�f�g�h�`�_�k�l�\�h�l�h���; 
�N�h�j�f�Z�e�g�h�� �\�k�_�d�b�� �i�j�_�o�h�^�� �k�_�� �h�i�b�k�\�Z�� �k�t�k��

�k�_�^�_�f���^�\�h�c�d�b�� 
Z= �¢�/�•, �/�Ž, t1, t2, r, M, �‘ �², 
�d�t�^�_�l�h�� 
���Z�� �/�•���b���/�Ž���k�Z���d�j�Z�c�g�b�����g�_�i�j�Z�a�g�b���f�g�h�`�_�k�l�\�Z��

�h�l�� �f�_�k�l�Z�� ���k�t�h�l�\�_�l�g�h�� �\�o�h�^�g�h�l�h�� �b�� �b�a�o�h�^�g�h�l�h��
�f�y�k�l�h���g�Z���i�j�_�o�h�^�Z�������a�Z���i�j�_�o�h�^�Z���g�Z���N�b�]���������l�_���k�Z: 

L�• = { 1 2 ml' ,l' ,...,l' }  
�b 
L�Ž = { 1 2 nl" ,l" ,...,l" };  
���[����t1 �_�� �l�_�d�m�s�b�y�� �\�j�_�f�_�\�b�� �f�h�f�_�g�l�� �g�Z��

�a�Z�^�_�c�k�l�\�Z�g�_���g�Z���i�j�_�o�h�^�Z�� 
���\���� �W2 �_�� �l�_�d�m�s�Z�l�Z�� �k�l�h�c�g�h�k�l�� �g�Z��

�i�j�h�^�t�e�`�b�l�_�e�g�h�k�l�l�Z�� �g�Z�� �Z�d�l�b�\�g�h�l�h�� �f�m��
�k�t�k�l�h�y�g�b�_�� 

���]�����U���_���m�k�e�h�\�b�_�l�h���g�Z���i�j�_�o�h�^�Z�����d�h�_�l�h���h�i�j�_�^�_�e�y��
�d�h�b�� �y�^�j�Z�� �s�_�� �k�_�� �i�j�_�o�\�t�j�e�y�l�� �h�l�� �\�o�h�^�h�\�_�l�_�� �g�Z��
�i�j�_�o�h�^�Z���d�t�f���g�_�]�h�\�b�l�_���b�a�o�h�^�b�� 

�I�Z�j�Z�f�_�l�t�j�t�l�� �U�� �b�f�Z�� �n�h�j�f�Z�l�Z�� �g�Z��
�b�g�^�_�d�k�b�j�Z�g�Z�l�Z���f�Z�l�j�b�p�Z�����,�0���� 

�d�t�^�_�l�h�� �U�L���M�� �_�� �i�j�_�^�b�d�Z�l�t�l���� �d�h�c�l�h�� �^�Z�\�Z��
�m�k�e�h�\�b�_�l�h���a�Z���i�j�_�o�\�t�j�e�y�g�_���h�l���L-�l�h���\�o�h�^�g�h���f�y�k�l�h��
�d�t�f�� �M-�l�h�� �b�a�o�h�^�g�h�� �f�y�k�l�h���� �D�h�]�Z�l�h�� �U�L���M�� �b�f�Z��
�b�k�l�b�g�g�h�k�l�g�Z���k�l�h�c�g�h�k�l�����\�y�j�g�h������ �l�h�]�Z�\�Z���k�b�f�\�h�e��
�h�l���L-�l�h���\�o�h�^�g�h���f�y�k�l�h���f�h�`�_���^�Z���[�t�^�_���i�j�_�o�\�t�j�e�_�g��
�d�t�f�� �M-�l�h�� �b�a�o�h�^�g�h�� �f�y�k�l�h���� �\�� �i�j�h�l�b�\�_�g�� �k�e�m�q�Z�c��
�l�h�\�Z���_���g�_�\�t�a�f�h�`�g�h�� 

���^����M �_��IM �g�Z�� �d�Z�i�Z�p�b�l�_�l�b�l�_�� �g�Z�� �^�t�]�b�l�_�� �g�Z��
�i�j�_�o�h�^�Z�� 
  

1l"  �« 
jl"

 �« 
nl"

 

 
1l'       

r =   r i,j 
 

il'
 (r i,j  �± �i�j�_�^�b�d�Z�l) 

  (1 �d i �d m, 1 �d j �d n) 
 

ml'
      

 
 
  

1l"  �« 
jl"

 �« 
nl"

 

 
1l'       

M =  mi,j 
(mi,j �t 0 �± �_�k�l�_�k�l�\�_�g�h���q�b�k�e�h �b�e�b �f ) 
(1 �d i �d m, 1 �d j �d n) 

 
il'

 
  
 

ml'
      

 
���_���� �‘�� �k�_�� �g�Z�j�b�q�Z�� �l�b�i�� �g�Z�� �i�j�_�o�h�^�� �b�� �_�� �h�[�_�d�l����

�d�h�c�l�h���b�f�Z���n�h�j�f�Z�����i�h�^�h�[�g�Z���g�Z���[�m�e�_�\���b�a�j�Z�a�����L�h�c��
�f�h�`�_���^�Z���k�t�^�t�j�`�Z���d�Z�l�h���i�j�h�f�_�g�e�b�\�b���k�b�f�\�h�e�b�l�_����
�d�h�b�l�h�� �k�e�m�`�Z�l�� �d�Z�l�h�� �_�l�b�d�_�l�b�� �a�Z�� �\�o�h�^�g�b�l�_�� �f�_�k�l�Z��
�g�Z���i�j�_�o�h�^�Z�����b���_���b�a�j�Z�a�����b�a�]�j�Z�^�_�g���h�l���i�j�h�f�_�g�e�b�\�b��
�b�� �[�m�e�_�\�b�l�_�� �d�h�g�_�d�l�b�\�b���š �b���›���� �h�i�j�_�^�_�e�y�s�b��
�k�e�_�^�g�b�l�_���m�k�e�h�\�b�y�� 

�¾ �š (
1 2 ui i il ,l ,..., l ) �± �\�k�y�d�h�� �f�y�k�l�h 

1 2 ui i il ,l ,..., l  �l�j�y�[�\�Z���^�Z���k�t�^�t�j�`�Z���i�h�g�_���_�^�g�h���y�^�j�h, 

�¾ �› (
1 2 ui i il ,l ,..., l ) �± �l�j�y�[�\�Z�� �^�Z�� �b�f�Z�� �i�h�g�_��

�_�^�g�h���y�^�j�h���g�Z���\�k�b�q�d�b���f�_�k�l�Z��
u21 iii l,...,l,l �����d�t�^�_�l�h��

{
u21 iii l,...,l,l } �•  �/�•. 

�D�h�]�Z�l�h���k�l�h�c�g�h�k�l�l�Z���g�Z���l�b�i�Z�����b�a�q�b�k�e�_�g�Z���d�Z�l�h��
�[�m�e�_�\�� �b�a�j�Z�a���� �_�� ���b�k�l�b�g�Z������ �i�j�_�o�h�^�t�l�� �f�h�`�_�� �^�Z��
�k�l�Z�g�_���Z�d�l�b�\�_�g�����\���i�j�h�l�b�\�_�g���k�e�m�q�Z�c���g�_���f�h�`�_�� 

�I�h�^�j�_�^�_�g�Z�l�Z���q�_�l�\�h�j�d�Z 
E= �¢�¢A, �SA, �SL, c, f, �T1, �T2�², �¢K, �SK, �TK�², �¢T, to, t*�², 
�¢X, �) , b�²�² 

�k�_���g�Z�j�b�q�Z���h�[�h�[�s�_�g�Z���f�j�_�`�Z�����H�F�������Z�d�h�� 
���Z���� �$�� �_�� �f�g�h�`�_�k�l�\�h�� �g�Z�� �i�j�_�o�h�^�b�l�_�� ���\�`���� �i�h-

�]�h�j�_���� 
���[�����SA �_�� �n�m�g�d�p�b�y�� �^�Z�\�Z�s�Z�� �i�j�b�h�j�b�l�_�l�b�� �g�Z��

�i�j�_�o�h�^�b�l�_�����g�Z�i�j�b�f�_�j�������SA: A �:�� N; 
���\�����SL �_�� �n�m�g�d�p�b�y�� �^�Z�\�Z�s�Z�� �i�j�b�h�j�b�l�_�l�b�� �g�Z��

�f�_�k�l�Z�l�Z�����g�Z�i�j�b�f�_�j�� 
�SL: L �:�� N�����d�t�^�_�l�h�� 

L = pr1A pr2A 
�H�q�_�\�b�^�g�h����L �_���f�g�h�`�_�k�l�\�h�l�h�� �g�Z�� �\�k�b�q�b�� �H�F-

�f�_�k�l�Z�� 
���]�� c �_�� �n�m�g�d�p�b�y�� �h�i�j�_�^�_�e�y�s�Z�� �d�Z�i�Z�p�b�l�_�l�Z�� �g�Z��

�f�_�k�l�Z�l�Z�����g�Z�i�j�b�f�_�j����c: L �:�� N; 
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���^���� �I�� �_�� �n�m�g�d�p�b�y���� �d�h�y�l�h�� �b�a�q�b�k�e�y�\�Z��
�b�k�l�b�g�g�h�k�l�g�b�l�_�� �k�l�h�c�g�h�k�l�b�� �g�Z�� �i�j�_�^�b�d�Z�l�b�l�_�� �g�Z��
�m�k�e�h�\�b�y�l�Z�� �g�Z�� �i�j�_�o�h�^�Z�����a�Z�� ���h�[�b�d�g�h�\�_�g�b�l�_���� �*�1����
�h�i�b�k�Z�g�b�� �\�� �l�h�a�b�� �j�Z�a�^�_�e���� �n�m�g�d�p�b�y�l�Z�� �I���i�h�e�m�q�Z�\�Z��
�k�l�h�c�g�h�k�l�b�� ���I�D�O�V�H���b�e�b�� ���W�U�X�H������ �b�e�b�� �k�l�h�c�g�h�k�l�b�� �h�l��
�f�g�h�`�_�k�l�\�h�l�h�� �^������ ���`���� �:�d�h�� �3�� �_�� �f�g�h�`�_�k�l�\�h�l�h�� �h�l��
�i�j�_�^�b�d�Z�l�b���� �b�a�i�h�e�a�\�Z�g�b�� �\�� �^�Z�^�_�g�� �f�h�^�_�e���� �l�h�]�Z�\�Z��
�f�h�`�_�f���^�Z���^�_�n�b�g�b�j�Z�f�_���I���d�Z�l�h���I�����3���:���^���������`�� 

���_�����T1 �_�� �n�m�g�d�p�b�y���� �^�Z�\�Z�s�Z�� �k�e�_�^�\�Z�s�b�y��
�\�j�_�f�_�\�b���f�h�f�_�g�l�����a�Z���d�h�c�l�h���^�Z�^�_�g���i�j�_�o�h�^��Z �f�h�`�_��
�^�Z���[�t�^�_���Z�d�l�b�\�b�j�Z�����g�Z�i�j�b�f�_�j�����T1(t) = t�•�����d�t�^�_�l�h����
pr3Z = t, t�•�•  [T, T + t*] �b t �d t�•���� �K�l�h�c�g�h�k�l�l�Z�� �g�Z��
�l�Z�a�b�� �n�m�g�d�p�b�y�� �k�_�� �b�a�q�b�k�e�y�\�Z�� �\�� �f�h�f�_�g�l�Z���� �d�h�]�Z�l�h��
�i�j�_�o�h�^�Z���a�Z�\�t�j�r�\�Z���k�\�h�_�l�h���n�m�g�d�p�b�h�g�b�j�Z�g�_; 

���`���� �T2 �_�� �n�m�g�d�p�b�y���� �h�i�j�_�^�_�e�y�s�Z��
�i�j�h�^�t�e�`�b�l�_�e�g�h�k�l�l�Z���g�Z���Z�d�l�b�\�g�h�l�h���k�t�k�l�h�y�g�b�_���g�Z��
�^�Z�^�_�g���i�j�_�o�h�^��Z, i.e., �T2(t) � ���W�•�����d�t�^�_�l�h��pr4Z = t �•  
[T, T + t*] �b���W�•���t �������K�l�h�c�g�h�k�l�l�Z���g�Z���l�Z�a�b���n�m�g�d�p�b�y��
�k�_�� �b�a�f�b�k�e�y�\�Z�� �\�� �f�h�f�_�g�l�Z���� �\�� �d�h�c�l�h�� �i�j�_�o�h�^�Z��
�a�Z�i�h�q�\�Z���^�Z���n�m�g�d�p�b�h�g�b�j�Z�� 

���a����K �_�� �f�g�h�`�_�k�l�\�h�l�h�� �g�Z�� �y�^�j�Z�l�Z�� �g�Z��
�h�[�h�[�s�_�g�Z�l�Z�� �f�j�_�`�Z���� �<�� �g�y�d�h�b�� �k�e�m�q�Z�b�� �_�� �m�^�h�[�g�h��
�^�Z���k�_���j�Z�a�]�e�_�`�^�Z���l�h�\�Z���f�g�h�`�_�k�l�\�h���\�t�\���n�h�j�f�Z�l�Z�� 

I ll Q
K K

�•
� , 

�d�t�^�_�l�h�� K l �_�� �f�g�h�`�_�k�l�\�h�l�h�� �h�l�� �y�^�j�Z���� �d�h�b�l�h��
�\�e�b�a�Z�l�� �\�� �f�j�_�`�Z�l�Z�� �h�l�� �f�y�k�l�h�� ��, �b QI �_��
�f�g�h�`�_�k�l�\�h�l�h�� �g�Z�� �\�k�b�q�d�b�� �\�o�h�^�g�b�� �f�_�k�l�Z�� �\��
�f�j�_�`�Z�l�Z; 

���b�����SK �_�� �n�m�g�d�p�b�y���� �^�Z�\�Z�s�Z�� �i�j�b�h�j�b�l�_�l�b�� �g�Z��
�y�^�j�Z�l�Z�����g�Z�i�j�b�f�_�j�����SK: K �:�� N; 

���c�����TK �_���n�m�g�d�p�b�y���^�Z�\�Z�s�Z���\�j�_�f�_�\�b�y���f�h�f�_�g�l����
�d�h�]�Z�l�h���^�Z�^�_�g�h�� �y�^�j�h�� �f�h�`�_�� �^�Z�� �\�e�_�a�_�� �\�� �f�j�_�`�Z�l�Z����
�g�Z�i�j�b�f�_�j�����TK(�D) = t�����d�t�^�_�l�h�����D �•  K �b��t �•  [T,T + 
t*]; 

���d����T �_���\�j�_�f�_�\�b�y���f�h�f�_�g�l�����d�h�]�Z�l�h���h�[�h�[�s�_�g�Z�l�Z��
�f�j�_�`�Z���a�Z�i�h�q�\�Z���^�Z���n�m�g�d�p�b�h�g�b�j�Z�����L�h�a�b���f�h�f�_�g�l��
�k�_���h�i�j�_�^�_�e�y���i�h���h�l�g�h�r�_�g�b�_���g�Z���_�^�g�Z���n�b�d�k�b�j�Z�g�Z��
���]�e�h�[�Z�e�g�Z�����\�j�_�f�_�\�Z���k�d�Z�e�Z; 

���e����to �_�� �_�e�_�f�_�g�l�Z�j�g�Z�l�Z�� �\�j�_�f�_�\�Z�� �k�l�t�i�d�Z����
�k�\�t�j�a�Z�g�Z�� �k�� �n�b�d�k�b�j�Z�g�Z�l�Z�� ���]�e�h�[�Z�e�g�Z���� �\�j�_�f�_�\�Z��
�k�d�Z�e�Z�� 

���f���� t* �_�� �i�j�h�^�t�e�`�b�l�_�e�g�h�k�l�l�Z�� �g�Z��
�n�m�g�d�p�b�h�g�b�j�Z�g�_�l�h���g�Z���h�[�h�[�s�_�g�Z�l�Z���f�j�_�`�Z; 

���g�����<�t�\�� �\�k�b�q�d�b�� �b�a�k�e�_�^�\�Z�g�b�y�� �k�� �h�[�h�[�s�_�g�b��
�f�j�_�`�b�� �_�� �^�_�n�b�g�b�j�Z�g�h���� �q�_ X �_�� �f�g�h�`�_�k�l�\�h�l�h�� �g�Z��
�\�k�b�q�d�b�� �i�t�j�\�h�g�Z�q�Z�e�g�b�� �o�Z�j�Z�d�l�_�j�b�k�l�b�d�b���� �d�h�b�l�h��
�y�^�j�Z�l�Z�� �f�h�]�Z�l�Z�� �^�Z�� �i�h�e�m�q�Z�l���� �d�h�]�Z�l�h�� �\�e�y�a�Z�l�� �\��
�f�j�_�`�Z�l�Z���� �F�h�`�_�� �^�Z�� �k�_�� �g�Z�i�j�Z�\�b�� �h�s�_�� �_�^�g�Z��
�b�g�l�j�_�i�j�_�l�Z�p�b�y���g�Z���O�����O���_���n�m�g�d�p�b�y�����d�h�y�l�h���a�Z�^�Z�\�Z��
�i�t�j�\�h�g�Z�q�Z�e�g�b�l�_�� �o�Z�j�Z�d�l�_�j�b�k�l�b�d�b�� �g�Z�� �\�k�y�d�h��
�y�^�j�h���� �d�h�_�l�h�� �\�e�b�a�Z�� �\�t�\�� �\�o�h�^�y�s�h�� �f�y�k�l�h�� �g�Z��
�f�j�_�`�Z�l�Z�� 

���h�����)  �_�� �o�Z�j�Z�d�l�_�j�b�k�l�b�q�g�Z�� �n�m�g�d�p�b�y���� �d�h�y�l�h��
�a�Z�^�Z�\�Z�� �g�h�\�b�� �o�Z�j�Z�d�l�_�j�b�k�l�b�d�b�� �g�Z�� �\�k�y�d�h�� �y�^�j�h����

�d�h�]�Z�l�h�� �l�h�� �i�j�Z�\�b�� �l�j�Z�g�k�n�_�j�� �h�l�� �\�o�h�^�g�h�� �d�t�f��
�b�a�o�h�^�g�h���f�y�k�l�h���g�Z���^�Z�^�_�g���i�j�_�o�h�^�� 

���i�� b �_���n�m�g�d�p�b�y�����^�Z�\�Z�s�Z���f�Z�d�k�b�f�Z�e�g�b�y���[�j�h�c��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�b���g�Z���^�Z�^�_�g�h���y�^�j�h�����d�h�_�l�h���f�h�`�_���a�Z��
�i�h�e�m�q�b�����g�Z�i�j�b�f�_�j����b: K �:�� N. 

�G�Z�i�j�b�f�_�j, �Z�d�h��b(�D) = 1 �a�Z�� �\�k�y�d�h�� �y�^�j�h �D, 
�l�h�]�Z�\�Z���l�h�\�Z���y�^�j�h���s�_���\�e�_�a�_���\���f�j�_�`�Z�l�Z���k���g�y�d�Z�d�\�b��
�i�t�j�\�h�g�Z�q�Z�e�g�b�� �o�Z�j�Z�d�l�_�j�b�k�l�b�d�b�� ���h�l�[�_�e�y�a�Z�g�b��
�d�Z�l�h�� �g�_�]�h�\�b�l�_�� �g�m�e�_�\�b�� �o�Z�j�Z�d�l�_�j�b�k�l�b�d�b���� �b�� �\��
�i�h�k�e�_�^�k�l�\�b�_���s�_���k�t�o�j�Z�g�y�\�Z �k�Z�f�h���k�\�h�b�l�_���l�_�d�m�s�b��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�b�� �D�h�]�Z�l�h b(�D) = �f , �y�^�j�h �D �s�_��
�k�t�o�j�Z�g�y�\�Z�� �\�k�b�q�d�b�� �k�\�h�b�� �o�Z�j�Z�d�l�_�j�b�k�l�b�d�b. 
�D�h�]�Z�l�h b(�D) = k < �f , �k���b�a�d�e�x�q�_�g�b�_���g�Z���g�_�]�h�\�Z�l�Z��
�g�m�e�_�\�Z�� �o�Z�j�Z�d�l�_�j�b�k�l�b�d�Z, �y�^�j�h �D �s�_�� �k�t�o�j�Z�g�y�\�Z��
�k�\�h�b�l�_�� �i�h�k�e�_�^�g�b��k �o�Z�j�Z�d�l�_�j�b�k�l�b�d�b��
���o�Z�j�Z�d�l�_�j�b�k�l�b�d�b���i�h-�k�l�Z�j�b���h�l���i�h�k�e�_�^�g�b�l�_��k �s�_��
�[�t�^�Z�l���Ä�a�Z�[�j�Z�\�_�g�b�������K�e�_�^�h�\�Z�l�_�e�g�h�����i�h���i�j�b�g�p�b�i��
�\�k�y�d�h�� �y�^�j�h���D  �b�f�Z b(�D)+1 �o�Z�j�Z�d�l�_�j�b�k�l�b�d�b����
�d�h�]�Z�l�h���l�h���g�Z�i�m�k�d�Z���f�j�_�`�Z�l�Z. 

�L�j�y�[�\�Z���^�Z���k�_���h�l�[�_�e�_�`�b�����q�_���l�h�\�Z���h�i�j�_�^�_�e�_�g�b�_��
�m�f�b�r�e�_�g�h�� �g�_�� �_�� �g�Z�i�t�e�g�h�� �n�h�j�f�Z�e�b�a�b�j�Z�g�h���� �:�d�h��
�g�Z�i�t�e�g�h���k�_���n�h�j�f�Z�e�b�a�b�j�Z�l���m�k�e�h�\�b�y�l�Z���a�Z���i�j�_�o�h�^��
�b�� �o�Z�j�Z�d�l�_�j�g�b�l�_�� �n�m�g�d�p�b�b�� �g�Z�� �h�[�h�[�s�_�g�Z�l�Z��
�f�j�_�`�Z���� �g�_�c�g�Z�l�Z�� �i�j�b�e�h�`�b�f�h�k�l�� �h�q�_�\�b�^�g�h�� �s�_��
�g�Z�f�Z�e�_�_�� 

�K�t�s�h�� �l�Z�d�Z�� �_�� �m�^�h�[�g�h�� �^�Z�� �k�_�� �i�j�b�_�f�_���� �q�_��
�n�m�g�d�p�b�b�l�_���SL, c, f, �T1, �T2���� �b���)  �b�f�Z�l�� �k�e�_�^�g�b�l�_��
�n�h�j�f�b�� 

�ŒL
L Z A Z�•� S �  , 

�D�t�^�_�l�h���� �n�m�g�d�p�b�y�l�Z�� �b�a�q�b�k�e�y�\�Z��
�i�j�b�h�j�b�l�_�l�b�l�_�� �g�Z�� �f�_�k�l�Z�l�Z�� ���\�o�h�^�g�b�� �b�� �b�a�o�h�^�g�b����
�g�Z���i�j�_�o�h�^�Z���=�����g�h���k�_�]�Z���k�e�_�^�g�h�l�h���m�k�e�h�\�b�_���l�j�y�[�\�Z��
�^�Z���[�t�^�_���\�Z�e�b�^�g�h�����Z�d�h���f�y�k�l�h��l �•  pr2Z1  pr1Z2 �a�Z��
�^�\�Z���^�Z�^�_�g�b���i�j�_�o�h�^�Z��Z1 �b��Z2�����l�h�]�Z�\�Z 

�� �� �� ��
1 2

� Œ � ŒL L
Z Zl l� ; 

ZZ Ac c�•� , 

�d�t�^�_�l�h �n�m�g�d�p�b�y Zc  �b�a�q�b�k�e�y�\�Z��
�d�Z�i�Z�p�b�l�_�l�b�l�_���g�Z���f�_�k�l�Z�l�Z (�\�o�h�^�g�b���b���b�a�o�h�^�g�b�� �g�Z��
�i�j�_�o�h�^�Z��Z, �b���k�e�_�^�g�h�l�h���m�k�e�h�\�b�_���l�j�y�[�\�Z���^�Z���[�t�^�_��
�\�Z�e�b�^�g�h�� �a�Z�� �f�y�k�l�h l �•  pr2Z1  pr1Z2 �a�Z�� �]�h�j�_��
�k�i�h�f�_�g�Z�l�b�l�_���^�\�Z���i�j�_�o�h�^�Z: 

�� �� �� ��
1 2Z Zc l c l� ; 

Z A Zf f�•� , 

�d�t�^�_�l�h�� Zf �b�a�q�b�k�e�y�\�Z �b�k�l�b�g�g�h�k�l�g�b�l�_��
�k�l�h�c�g�h�k�l�b���g�Z���i�j�_�^�b�d�Z�l�b�l�_���g�Z���H�F���i�j�_�o�h�^�Z Z; 

1 1
Z

Z A� � � ��•�  
�d�t�^�_�l�h1

Z��  �b�a�q�b�k�e�y�\�Z �k�e�_�^�\�Z�s�b�y�� �\�j�_�f�_�\�b��
�f�h�f�_�g�l���g�Z���Z�d�l�b�\�Z�p�b�y���g�Z���H�F���i�j�_�o�h�^�Z��Z; 

2 2
Z

Z A� � � ��•�  
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�L�m�d 2
Z��  �b�a�q�b�k�e�y�\�Z�� �i�j�h�^�t�e�`�b�l�_�e�g�h�k�l�l�Z�� �g�Z��

�Z�d�l�b�\�g�h�l�h���k�t�k�l�h�y�g�b�_���g�Z���H�F���i�j�_�o�h�^�Z��Z 
the duration of the active state of the GN-

transition Z; 
I ll L Q� • � �

�) � �)  

�d�t�^�_�l�h�� l�)  �b�a�q�b�k�e�y�\�Z�� �o�Z�j�Z�d�l�_�j�b�k�l�b�d�b�l�_��
�d�h�b�l�h�� �y�^�j�Z�l�Z�� �s�_�� �i�h�e�m�q�Z�l�� �\�� �f�y�k�l�h��l �g�Z��
�h�[�h�[�s�_�g�Z�l�Z���f�j�_�`�Z�� 

�K�l�Z�l�b�q�g�Z�l�Z�� �k�l�j�m�d�l�m�j�Z�� �g�Z���^�Z�^�_�g�Z�� �h�[�h�[�s�_�g�Z��
�f�j�_�`�Z�� �k�_�� �h�i�j�_�^�_�e�y�� �h�l�� �_�e�_�f�_�g�l�b�l�_�� �g�Z��
�f�g�h�`�_�k�l�\�h�l�h pr1,2,6,7A, �g�Z�i�j�b�f�_�j, �k�l�Z�l�b�q�g�Z�l�Z��
�k�l�j�m�d�l�m�j�Z�� �g�Z�� �^�Z�^�_�g�Z�� �h�[�h�[�s�_�g�Z�� �f�j�_�`�Z�� �k�_��
�h�i�j�_�^�_�e�y���h�l���d�h�e�_�d�p�b�y�l�Z���g�Z���k�e�_�^�g�b�l�_���_�e�_�f�_�g�l�b��
�a�Z�� �\�k�_�d�b�� �i�j�_�o�h�^���� �\�o�h�^�g�b�� �b�� �b�a�o�h�^�g�b�� �f�_�k�l�Z����
�b�g�^�_�d�k�b�j�Z�g�Z���f�Z�l�j�b�p�Z���g�Z���^�t�]�b�l�_���b���l�b�i�Z���i�j�_�o�h�^����
�>�b�g�Z�f�b�q�g�b�y�l�� �o�Z�j�Z�d�l�_�j�� �g�Z�� �f�j�_�`�Z�l�Z�� �k�_�� �^�t�e�`�b��
�g�Z�� �m�k�e�h�\�b�y�l�Z�� �g�Z�� �y�^�j�Z�l�Z�� �b�� �i�j�_�o�h�^�b�l�_�� �g�Z�� �H�F��
(pr5A������ �\�j�_�f�_�g�g�b�y�l�� �o�Z�j�Z�d�l�_�j�� �b�^�\�Z�� �h�l��
�d�h�f�i�h�g�_�g�l�b�l�_�� �7���� �Wo, t* �b�� �h�l�� �_�e�_�f�_�g�l�b�l�_�� �g�Z��
�f�g�h�`�_�k�l�\�h�l�h��pr3,4A�����D�h�f�i�h�g�_�g�l�b�l�_���g�Z���) , X �b��b 
�b�]�j�Z�y�l���j�h�e�y�l�Z���g�Z���i�Z�f�_�l���g�Z���h�[�h�[�s�_�g�Z�l�Z���f�j�_�`�Z�� 

 
2. �H�i�b�k�Z�g�b�_�� �g�Z�� �H�F-�f�h�^�_�e�� �g�Z��

�i�j�h�p�_�k�b�l�_�� �a�Z�� �i�j�h�b�a�\�h�^�k�l�\�h�� �g�Z���j�Z�a�e�b�q�g�b��
�f�Z�j�d�b���d�h�l�_�e�g�b�� �]�h�j�b�\�Z�� �b�� �i�t�l�g�b�� �[�b�l�m�f�b�� �\��
�_�^�g�Z���i�_�l�j�h�e�g�Z���j�Z�n�b�g�_�j�b�y 

 
�H�F-�f�h�^�_�e�t�l���� �i�h�d�Z�a�Z�g�� �g�Z�� �N�b�]������ �k�t�^�t�j�`�Z�� ����

�i�j�_�o�h�^�Z�����������f�_�k�l�Z���b�������\�b�^�Z���y�^�j�Z�����A�g�Z�q�_�g�b�_�l�h���g�Z��
�i�j�_�o�h�^�b�l�_���_���k�e�_�^�g�h�l�h�� 

VDU �± �b�g�k�l�Z�e�Z�p�b�y���a�Z���\�Z�d�m�m�f�g�Z���^�_�k�l�b�e�Z�p�b�y��
�g�Z���f�Z�a�m�l�Z 

FCCPT �± �b�g�k�l�Z�e�Z�p�b�y���a�Z���o�b�^�j�h�h�q�b�k�l�\�Z�g�_���g�Z��
�k�m�j�h�\�b�g�Z�l�Z���a�Z���d�Z�l�Z�e�b�l�b�q�_�g���d�j�_�d�b�g�] 

H-Oil �± �b�g�k�l�Z�e�Z�p�b�y�� �a�Z�� �o�b�^�j�h�d�j�_�d�b�g�]�� �g�Z��
�]�m�^�j�h�g��H-Oil 
FCCU �± �b�g�k�l�Z�e�Z�p�b�y���a�Z���d�Z�l�Z�e�b�l�b�q�_�g���d�j�_�d�b�g�]���g�Z��
�\�Z�d�m�m�f�_�g���]�Z�a�v�h�e 

 BU �± �b�g�k�l�Z�e�Z�p�b�y���a�Z���i�j�h�b�a�\�h�^�k�l�\�h���g�Z���i�t�l�g�b��
�[�b�l�m�f�b 

0,5 S �± �d�h�l�_�e�g�h�� �]�h�j�b�\�h �k�t�k�� �k�t�^�t�j�`�Z�g�b�_�� �g�Z��
�k�y�j�Z���g�_���i�h-�\�b�k�h�d�h���h�l�����������f�Z�k���� 

1,0 S �± �d�h�l�_�e�g�h �]�h�j�b�\�h�� �k�t�k�� �k�t�^�t�j�`�Z�g�b�_�� �g�Z��
�k�y�j�Z���g�_���i�h-�\�b�k�h�d�h���h�l�����������f�Z�k.% 

2,5 S �± �d�h�l�_�e�g�h���]�h�j�b�\�h���� �k�t�^�t�j�`�Z�s�h��
�f�Z�d�k�b�f�m�f�����������f�Z�k�� �����k�y�j�Z 

�<���g�Z�q�Z�e�g�b�y���f�h�f�_�g�l���g�Z���n�m�g�d�p�b�h�g�b�j�Z�g�_���g�Z��
�f�j�_�`�Z�l�Z���y�^�j�h��a0 �a�Z�_�f�Z���f�y�k�l�h���O1 �k��
�i�t�j�\�h�g�Z�q�Z�e�g�b���o�Z�j�Z�d�l�_�j�b�k�l�b�d�b 

 
�Y�^�j�h ��0 �a�Z�_�f�Z�� �f�y�k�l�h�� �O9 �k���i�t�j�\�h�g�Z�q�Z�e�g�Z��

�o�Z�j�Z�d�l�_�j�b�k�l�b�d�Z: 
�³�I�j�y�d�h�� �^�_�k�l�b�e�Z�l�_�g�� �\�Z�d�m�m�f�_�g�� �]�Z�a�v�h�e��

(SRVGO�������i�t�j�\�h�g�Z�q�Z�e�g�h���d�h�e�b�q�_�k�l�\�h�´�� 

�Y�^�j�h����0 �a�Z�_�f�Z�� �f�y�k�l�h�� �O17 �k���i�t�j�\�h�g�Z�q�Z�e�g�Z��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�Z: 

���K�f�_�k�� �h�l�� �i�j�y�d�h�� �^�_�k�l�b�e�Z�l�g�b�� �\�Z�d�m�m�f�g�b��
�h�k�l�Z�l�t�p�b�� ���6�5�9�5������ �)�&�&�� �+�&�2�� �b�� �)�&�&�� �6�/�2����
�i�t�j�\�h�g�Z�q�Z�e�g�h���d�h�e�b�q�_�k�l�\�h���� 

�Y�^�j�h���/0 �a�Z�_�f�Z�� �f�y�k�l�h��l26 �k�� �i�t�j�\�h�g�Z�q�Z�e�g�Z��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�Z�� 

���K�f�_�k���h�l���\�Z�d�m�m�f�g�b���]�Z�a�v�h�e�b�����k�t�k�l�h�y�s�Z���k�_���h�l��
�6�5�9�*�2�� �b�� �+-�2�L�O�� �9�*�2���� �i�t�j�\�h�g�Z�q�Z�e�g�h��
�d�h�e�b�q�_�k�l�\�h���� 

�Y�^�j�h���00 �a�Z�_�f�Z�� �f�y�k�l�h�� �O29 �k�� �i�t�j�\�h�g�Z�q�Z�e�g�Z��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�Z�� 

���K�f�_�k���h�l���i�j�y�d�h���^�_�k�l�b�e�Z�l�_�g���\�Z�d�m�f�_�g���h�k�l�Z�l�t�d��
���6�5�9�5���� �b�� �o�b�^�j�h�d�j�_�d�b�j�Z�g�� �\�Z�d�m�m�f�_�g�� �h�k�l�Z�l�t�d����
�i�t�j�\�h�g�Z�q�Z�e�g�h���d�h�e�b�q�_�k�l�\�h���� 

�Y�^�j�h ��0 �a�Z�_�f�Z�� �f�y�k�l�h l31 �k�� �i�t�j�\�h�g�Z�q�Z�e�g�Z��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�Z�� 

"�D�h�l�_�e�g�h���]�h�j�b�\�h �k���f�Z�d�k�b�f�Z�e�g�h���k�t�^�t�j�`�Z�g�b�_��
�g�Z���k�y�j�Z�����������f�Z�k�� �������i�t�j�\�h�g�Z�q�Z�e�g�h���d�h�e�b�q�_�k�l�\�h���� 

�Y�^�j�h����0 �a�Z�_�f�Z�� �f�y�k�l�h�� �O33 �k�� �i�t�j�\�h�g�Z�q�Z�e�g�Z��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�Z�� 

���D�h�l�_�e�g�h���]�h�j�b�\�h���k���f�Z�d�k�b�f�Z�e�g�h���k�t�^�t�j�`�Z�g�b�_��
�g�Z���k�y�j�Z�����������f�Z�k�����������i�t�j�\�h�g�Z�q�Z�e�g�h���d�h�e�b�q�_�k�l�\�h"; 

�Y�^�j�h����0 �a�Z�_�f�Z�� �f�y�k�l�h�� �O35 �k�� �i�t�j�\�h�g�Z�q�Z�e�g�Z��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�Z�� 

���D�h�l�_�e�g�h���]�h�j�b�\�h���k���f�Z�d�k�b�f�Z�e�g�h���k�t�^�t�j�`�Z�g�b�_��
�g�Z���k�y�j�Z�����������f�Z�k�����������i�t�j�\�h�g�Z�q�Z�e�g�h���d�h�e�b�q�_�k�l�\�h���� 

�<�t�\�� �\�k�_�d�b�� �_�^�b�g�� �\�j�_�f�_�\�b�� �f�h�f�_�g�l���� �y�^�j�Z���.1, 
�.������ �������� �a�Z�_�f�Z�l�� �f�y�k�l�h�� �O1 �k�� �g�Z�q�Z�e�g�b��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�b�� 

"�:�l�f�h�k�n�_�j�_�g�� �h�k�l�Z�l�t�d�� ��AR)���� �l�_�d�m�s�h��
�i�j�b�k�l�b�]�Z�s�h���d�h�e�b�q�_�k�l�\�h���� 

�A�Z�� �d�j�Z�l�d�h�k�l�� �i�h-�^�h�e�m�� �s�_�� �[�t�^�Z�l�� �h�[�h�a�g�Z�q�_�g�b��
�l�_�a�b�� �y�^�j�Z�� �d�Z�l�h���. �[�_�a�� �l�_�o�g�b�l�_�� ���l�_�d�m�s�b���� �^�h�e�g�b��
�b�g�^�_�d�k�b���� �I�h�� �k�t�s�b�y�� �g�Z�q�b�g�� �s�_�� �i�j�h�i�m�k�d�Z�f�_��
�^�h�e�g�b�l�_�� �b�g�^�_�d�k�b�� �g�Z���y�^�j�Z�l�Z ��-�� �b���/���� �q�b�c�l�h��
�k�f�b�k�t�e�� �s�_�� �[�t�^�_�� �h�i�b�k�Z�g�� �i�h-�^�h�e�m�����H�F-
�i�j�_�o�h�^�b�l�_���b�f�Z�l���k�e�_�^�g�b�l�_ �n�h�j�f�b�� 

 
�d�t�^�_�l�h�� 
W5,2 =�³�b�f�Z���i�h�j�t�q�d�Z���a�Z���$�5���h�l���%�8�´�� 
W5,3 =�³�b�f�Z���i�h�j�t�q�d�Z���a�Z���$�5���h�l���+-�2�L�O�´�� 
W5,4 =�³�b�f�Z���i�h�j�t�q�d�Z���a�Z���$�5���h�l���)�&�&�3�7�´�� 
�D�h�]�Z�l�h���.-�y�^�j�h���a�Z�_�f�Z���f�y�k�l�h���O1�����\���k�e�_�^�\�Z�s�b�y��

�f�h�f�_�g�l�����l�h���a�Z�_�f�Z���f�y�k�l�h���O5 �b���k�_���h�[�_�^�b�g�y�\�Z���k��
�y�^�j�h���.0�����d�Z�l�h���i�h�e�m�q�Z�\�Z���o�Z�j�Z�d�l�_�j�b�k�l�b�d�Z�� 

�³�$�5�����l�_�d�m�s�h���d�h�e�b�q�_�k�l�\�h���\���j�_�a�_�j�\�h�Z�j�Z�´�� 
�I�h�� �h�l�g�h�r�_�g�b�_�� �g�Z�� �b�k�l�b�g�g�b�l�_�� �k�l�h�c�g�h�k�l�b�� �g�Z��

�i�j�_�^�b�d�Z�l�b�l�_�� �:5,2,W5,3,W5,4���� �y�^�j�h���.0 �k�_�� �j�Z�a�^�_�e�y��
�g�Z�� �^�\�_�� �b�e�b�� �q�_�l�b�j�b�� �y�^�j�Z �± �k�t�s�h�l�h�� �y�^�j�h�� �.0 
�i�j�h�^�t�e�`�Z�\�Z�� �^�Z�� �a�Z�_�f�Z�� �f�y�k�l�h��l5 �k��
�]�h�j�_�k�i�h�f�_�g�Z�l�Z�l�Z�� �o�Z�j�Z�d�l�_�j�b�k�l�b�d�Z�� �b�� �y�^�j�Z���.1, �.2, 
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�b���b�e�b���.3 �i�h�e�m�q�Z�\�Z�l���k�t�h�l�\�_�l�g�h���o�Z�j�Z�d�l�_�j�b�k�l�b�d�b��
�³�T1 �$�5���a�Z���%�8�´�� 

�\���f�y�k�l�h���O2�����d�t�^�_�l�h���T1 �•  [0,Q1]; �³�T2 �$�5���a�Z H-
�2�L�O�´�����\���f�y�k�l�h���O3�����d�t�^�_�l�h���T2 �•  [0,Q2]; �³�T3 �$�5���a�Z��
�)�&�&�3�7�´���\���f�y�k�l�h���O4�����d�t�^�_�l�h���T3 �•  [0,Q3�@�����L�m�d���b��
�i�h-�^�h�e�m���4�L �_���f�Z�d�k�b�f�Z�e�g�h�l�h���d�h�e�b�q�_�k�l�\�h���a�Z���L-
�l�b�y���d�h�f�i�h�g�_�g�l���g�Z���l�_�`�d�h�l�h���f�Z�k�e�h�����d�h�c�l�h��
�m�q�Z�k�l�\�Z���\���i�j�h�b�a�\�h�^�k�l�\�h�l�h���g�Z���d�h�l�_�e�g�h���]�h�j�b�\�h���b��
�[�b�l�m�f���a�Z���i�t�l�g�b���g�Z�k�l�b�e�d�b�����d�t�^�_�l�h�����”���L���”�������� 

���d�t�^�_�l�h���� 
W9,6 � �� �³�b�f�Z�� �i�h�j�t�q�d�Z�� �a�Z�� �o�b�^�j�h�l�j�_�l�b�j�Z�g 

�\�Z�d�m�m�f�_�g���]�Z�a�v�h�e�����+�7�9�*�2�����a�Z���i�j�h�b�a�\�h�^�k�l�\�h���g�Z��
�d�h�l�_�e�g�h�� �]�h�j�b�\�h�� �k�t�k�� �k�t�^�t�j�`�Z�g�b�_�� �g�Z�� �k�y�j�Z�� �i�h-
�f�Z�e�d�h���h�l�����������f�Z�k�����³�� 

W9,7 � �� �³�b�f�Z�� �i�h�j�t�q�d�Z�� �a�Z�� �+�7�9�*�2�� �d�Z�l�h��
�k�m�j�h�\�b�g�Z�� �a�Z�� �b�g�k�l�Z�e�Z�p�b�y�l�Z�� �a�Z�� �d�Z�l�Z�e�b�l�b�q�_�g��
�d�j�_�d�b�g�]�´�� 

�Y�^�j�h���.3 �h�l�� �f�y�k�l�h�� �O4 �a�Z�_�f�Z�� �f�y�k�l�h�� �O9 �b�� �k�_��
�h�[�_�^�b�g�y�\�Z�� �k�� �y�^�j�h����0���� �d�Z�l�h���i�h�e�m�q�Z�\�Z��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�Z���� �³�K�f�_�k�� �h�l�� �\�Z�d�m�m�f�g�b�� �]�Z�a�v�h�e�b����
�k�t�k�l�h�y�s�Z�� �k�_�� �h�l�� �6�5�9�*�2���� �D�Q�G�� �+-Oil VGO, 
�l�_�d�m�s�h���d�h�e�b�q�_�k�l�\�h���\���j�_�a�_�j�\�h�Z�j�Z�´�� 

�I�h���h�l�g�h�r�_�g�b�_���g�Z���b�k�l�b�g�g�h�k�l�g�b�l�_���k�l�h�c�g�h�k�l�b��
�g�Z�� �i�j�_�^�b�d�Z�l�b�l�_�� �:9,6,W9,7,W9,8 �y�^�j�h�l�h�� ��0 �k�_��
�j�Z�a�^�_�e�y�� �g�Z�� �^�\�_���� �l�j�b�� �b�e�b�� �q�_�l�b�j�b�� �y�^�j�Z���± �_�^�g�h�� �b��
�k�t�s�h���y�^�j�h����0 �i�j�h�^�t�e�`�Z�\�Z���^�Z���k�l�h�b���g�Z���f�y�k�l�h���O9 �k��
�]�h�j�_�k�i�h�f�_�g�Z�l�b�l�_�� �o�Z�j�Z�d�l�_�j�b�k�l�b�d�Z���� �Z�� �y�^�j�Z�l�Z�� ��1, 
��2 �b���b�e�b�� ��3 �i�h�e�m�q�Z�\�Z�l�� �k�t�h�l�\�_�l�g�h��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�b���� �³q4 HTVGO �a�Z�� �d�h�l�_�e�g�h��
�]�h�j�b�\�h���k���f�Z�d�k�b�f�Z�e�g�h���k�t�^�t�j�`�Z�g�b�_���g�Z���k�y�j�Z���i�h�^��
�������� �f�Z�k������ �a�Z���)�&�&�8�´���� �\�� �f�y�k�l�h l6, �d�t�^�_�l�h q4  �•   
[0,Q4]; �³q5 �+�7�9�*�2�� �a�Z�� �b�g�k�l�Z�e�Z�p�b�y��FCCU� ;́ �\��
�f�y�k�l�h�� �O7���� �d�t�^�_�l�h�� �T5 �•  [0,Q5�@���� �³�T6 �+�7�9�*�2�� �a�Z��
�d�h�l�_�e�g�h���]�h�j�b�\�h���k�t�k���k�t�^�t�j�`�Z�g�b�_���g�Z���k�y�j�Z���i�h�^����������
�f�Z�������6�´���\���f�y�k�l�h���O8�����d�t�^�_�l�h���T6 �•  [0,Q6]. 

 
�d�t�^�_�l�h�� 
W17,10 � ���³�b�f�Z���i�h�j�t�q�d�Z���a�Z���9�7�%���a�Z���[�b�l�m�f�b�´�� 
W17,11 � ���³�b�f�Z���i�h�j�t�q�d�Z���a�Z���+�$�*�2���a�Z���d�h�l�_�e�g�h��

�]�h�j�b�\�h�����k�t�^�t�j�`�Z�s�h���i�h�^�����������f�Z�k���������k�y�j�Z�´�� 
W17,12 � �� �³�b�f�Z�� �i�h�j�t�q�d�Z�� �a�Z�� �9�*�2�� �d�h�l�_�e�g�h��

�]�h�j�b�\�h�����k�t�^�t�j�`�Z�s�h���i�h�^�����������f�Z�k�������k�y�j�Z�´�� 
W17,13 � �� �³�b�f�Z�� �i�h�j�t�q�d�Z�� �a�Z�� �9�7�%���a�Z�� �d�h�l�_�e�g�h��

�]�h�j�b�\�h�����k�t�^�t�j�`�Z�s�h���i�h�^ 1.0 �f�Z�k��% �k�y�j�Z�´�� 

W17,14 � �� �³�b�f�Z�� �i�h�j�t�q�d�Z�� �a�Z��VTB �a�Z�� �d�h�l�_�e�g�h��
�]�h�j�b�\�h�����k�t�^�t�j�`�Z�s�h���i�h�^ 2.5�f�Z�k��% �k�y�j�Z�´�� 

W17,15 � �� �³�b�f�Z�� �i�h�j�t�q�d�Z�� �a�Z��VGO �d�h�l�_�e�g�h��
�]�h�j�b�\�h�����k�t�^�t�j�`�Z�s�h���i�h�^ 2.5 �f�Z�k��% �k�y�j�Z�´�� 

W17,16 � �� �³ �b�f�Z�� �i�h�j�t�q�d�Z�� �a�Z��VGO �d�Z�l�h��
�k�m�j�h�\�b�g�Z���a�Z���)�&�&�8�´�� 

�Y�^�j�h�l�h���.2 �h�l�� �f�y�k�l�h�� �O3 �a�Z�_�f�Z�� �f�y�k�l�h�� �O17 �b�� �k�_��
�h�[�_�^�b�g�y�\�Z�� �k�� �y�^�j�h����0, �d�Z�l�h�� �i�h�e�m�q�Z�\�Z��
�o�Z�j�Z�d�l�Z�j�b�k�l�b�d�b�����³�I�j�y�d�h���^�_�k�l�b�e�Z�l�_�g���\�Z�d�m�m�f�_�g��
�h�k�l�Z�l�t�d�� ���6�5�9�5������ �l�_�d�m�s�h�� �d�h�e�b�q�_�k�l�\�h�� �\��
�j�_�a�_�j�\�h�Z�j�Z�´�� 

�I�h���h�l�g�h�r�_�g�b�_���g�Z���b�k�l�b�g�g�h�k�l�g�b�l�_���k�l�h�c�g�h�k�l�b��
�g�Z�� �i�j�_�^�b�d�Z�l�b�l�_�� �:17,10, ...,W17,16���� �y�^�j�h�� ��0 �k�_��
�j�Z�a�^�_�e�y�� �g�Z�� �^�\�_���� �l�j�b���«���� �b�e�b�� �k�_�^�_�f�� �y�^�j�Z���²  
�k�t�s�h�l�h���y�^�j�h����0 �i�j�h�^�t�e�`�Z�\�Z���^�Z���a�Z�_�f�Z���f�y�k�l�h���O17 
�k���]�h�j�_���k�i�h�f�_�g�Z�l�b�l�_���o�Z�j�Z�d�l�_�j�b�k�l�b�d�b�����Z���y�^�j�Z����1, 
�������� �b���b�e�b�� ��7���� �i�h�e�m�q�Z�\�Z�l�� �k�t�h�l�\�_�l�g�h��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�b�l�_�����³�T7 �9�7�%���a�Z���%�8�´���\���f�y�k�l�h���O10, 
�d�t�^�_�l�h�� �T7 �•  [0,Q7�@���� �³�T8 �+�$�*�2�� �a�Z�� �d�h�l�_�e�g�h��
�]�h�j�b�\�h�������������6�´���\���f�y�k�l�h���O11�����d�t�^�_�l�h���T8 �•   [0,Q8]; 
�³�T9 �9�*�2���a�Z���d�h�l�_�e�g�h���]�h�j�b�\�h�������������6�´���\���f�y�k�l�h���O12, 
�d�t�^�_�l�h���T9 �•  [0,Q9]; �³�T10 �9�7�%���a�Z���d�h�l�_�e�g�h���]�h�j�b�\�h��
���������� �6�´�� �\�� �f�y�k�l�h�� �O13���� �d�t�^�_�l�h�� �T10 �•  [0,Q10�@���� �³�T11 
�9�7�%�� �a�Z�� �d�h�l�_�e�g�h�� �]�h�j�b�\�h�� ���������� �6�´�� �\�� �f�y�k�l�h�� �O14, 
�d�t�^�_�l�h���T11 �•  �>�����4�����@�����³�T12 �9�*�2���d�h�l�_�e�g�h���]�h�j�b�\�h��
���������� �6�´�� �\�� �f�y�k�l�h�� �O15���� �d�t�^�_�l�h�� �T12 �•  [0,Q12�@���� �³�T13 
�9�*�2�� �d�Z�l�h�� �k�m�j�h�\�b�g�Z�� �a�Z�� �)�&�&�8�´�� �\�� �f�y�k�l�h�� �O16, 
�d�t�^�_�l�h���T13 �•  [0,Q13]. 

, 
�d�t�^�_�l�h�� 
W26,18 � ���³�b�f�Z���i�h�j�t�q�d�Z���a�Z���6�/�2���d�Z�l�h���k�m�j�h�\�b�g�Z��

�a�Z���+-�2�L�O���b�g�k�l�Z�e�Z�p�b�y�l�Z�´�� 
W26,19 � ���³�b�f�Z���i�h�j�t�q�d�Z���a�Z��HCO �d�Z�l�h���k�m�j�h�\�b�g�Z��

�a�Z H-Oil �b�g�k�l�Z�e�Z�p�b�y�l�Z�´�� 
W26,20 � �� �³�b�f�Z�� �i�h�j�t�q�d�Z�� �a�Z��LCO �a�Z�� �d�h�l�_�e�g�h��

�]�h�j�b�\�h �����������6�´�� 
W26,21 � �� �³�b�f�Z�� �i�h�j�t�q�d�Z�� �a�Z��HCO �d�h�l�_�e�g�h��

�]�h�j�b�\�h �����������6�´�� 
W26,22 =  �³�b�f�Z�� �i�h�j�t�q�d�Z�� �a�Z��SLO �d�h�l�_�e�g�h��

�]�h�j�b�\�h �����������6�´�� 
W26,23 � �� �³�b�f�Z�� �i�h�j�t�q�d�Z�� �a�Z��LCO �d�h�l�_�e�g�h��

�]�h�j�b�\�h �����������6�´�� 
W26,24 � �� �³�b�f�Z�� �i�h�j�t�q�d�Z�� �a�Z��HCO �a�Z�� �d�h�l�_�e�g�h��

�]�h�j�b�\�h �����������6�´�� 
W26,25 � �� �³�b�f�Z�� �i�h�j�t�q�d�Z�� �a�Z��SLO �a�Z�� �d�h�l�_�e�g�h��

�]�h�j�b�\�h �������������6�´�� 
�Y�^�j�h�l�h���.���h�l���f�y�k�l�h���O9 �b���y�^�j�h�l�h�������h�l���f�y�k�l�h���O16 

�a�Z�_�f�Z�l���f�y�k�l�h���O26 �b���k�_���h�[�_�^�b�g�y�\�Z�l���k���y�^�j�h���/0, 
�d�Z�l�h���i�h�e�m�q�Z�\�Z�l���o�Z�j�Z�d�l�_�j�b�k�l�b�d�b�� 
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�³�K�m�j�h�\�b�g�Z�� �a�Z�� �)�&�&�� ���k�f�_�k�� �h�l�� �\�Z�d�m�m�f�g�b��
�]�Z�a�v�h�e�b�������l�_�d�m�s�h���d�h�e�b�q�_�k�l�\�h���\���j�_�a�_�j�\�h�Z�j�Z�´���� 

�I�h���h�l�g�h�r�_�g�b�_���g�Z���b�k�l�b�g�g�h�k�l�g�b�l�_ �k�l�h�c�g�h�k�l�b��
�g�Z�� �i�j�_�^�b�d�Z�l�b�l�_�� �:26,18, ...,W26,25 �y�^�j�h�l�h�� �/0 �k�_��
�j�Z�a�^�_�e�y���g�Z���^�\�_�����l�j�b�������������b�e�b���h�k�_�f���y�^�j�Z��- �_�^�g�h���b��
�k�t�s�h���y�^�j�h���/0 �i�j�h�^�t�e�`�Z�\�Z���^�Z���k�l�h�b���g�Z���f�y�k�l�h���O26 �k��
�]�h�j�_�k�i�h�f�_�g�Z�l�Z�l�Z�� �o�Z�j�Z�d�l�_�j�b�k�l�b�d�Z���� �b�� �k�_��
�i�h�e�m�q�Z�\�Z�l���k�t�h�l�\�_�l�g�h���y�^�j�Z���/1�������������b���b�e�b���/8�����d�Z�l�h��
�i�h�e�m�q�Z�\�Z�l���k�t�h�l�\�_�l�g�h�� �o�Z�j�Z�d�l�_�j�b�k�l�b�d�b�l�_���� �³�T14 
�6�/�2���d�Z�l�h���k�m�j�h�\�b�g�Z���a�Z���+-�2�L�O�´���\���f�y�k�l�h���O18�����d�t�^�_�l�h��
q14 �•   [0,Q14�@�����³�T15 �+�&�2���d�Z�l�h���k�m�j�h�\�b�g�Z���a�Z���+-�2�L�O�´ 
�\�� �f�y�k�l�h�� �O19���� �d�t�^�_�l�h�� �T15 �•  [0,Q15�@���� �³�T16 �/�&�2�� �a�Z��
�d�h�l�_�e�g�h���]�h�j�b�\�h�������������6�´���g�Z���f�y�k�l�h���O20�����d�t�^�_�l�h���T16 
�•  [0,Q16�@�����³�T17 �+�&�2���a�Z���d�h�l�_�e�g�h���]�h�j�b�\�h�������������6�´��
�\�� �f�y�k�l�h�� �O21���� �d�t�^�_�l�h�� �T17 �•  [0,Q17�@���� �³�T18 �6�/�2�� �a�Z��
�d�h�l�_�e�g�h���]�h�j�b�\�h�������������6�´���\���f�y�k�l�h���O22�����d�t�^�_�l�h���T18 
�•  [0,Q18�@�����³�T19 �/�&�2���a�Z���d�h�l�_�e�g�h���]�h�j�b�\�h�������������6�´��
�\�� �f�y�k�l�h�� �O23���� �d�t�^�_�l�h�� �T19 �•  [0,Q19]; �³�T20 �+�&�2�� �a�Z��
�d�h�l�_�e�g�h���]�h�j�b�\�h�������������6�´���\���f�y�k�l�h���O24�����d�t�^�_�l�h���T20 
�•  [0,Q20�@�����³�T21 �6�/�2���a�Z���d�h�l�_�e�g�h���]�h�j�b�\�h�������������6�´��
�\���f�y�k�l�h���O25�����d�t�^�_�l�h���T21 �•  [0,Q21]. 

,�d�t�^�_�l�h 
W29,27 � ���³�b�f�Z���i�h�j�t�q�d�Z���a�Z���[�b�l�m�f���f�Z�j�d�Z��

�����������´�� 
W29,28 � �� �³�� �b�f�Z�� �i�h�j�t�q�d�Z�� �a�Z�� �[�b�l�m�f�� �f�Z�j�d�Z��

�������������´�� 
�Y�^�j�h�l�h �.���h�l���f�y�k�l�h���O2 �b���y�^�j�h�l�h �� �h�l���f�y�k�l�h���O10 

�a�Z�_�f�Z�l���f�y�k�l�h��l29 �b���k�_���h�[�_�^�b�g�y�\�Z�l���k���y�^�j�h���00, 
�d�Z�l�h���i�h�e�m�q�Z�\�Z�l���o�Z�j�Z�d�l�_�j�b�k�l�b�d�b�l�_�����³�K�m�j�h�\�b�g�Z��
�a�Z���[�b�l�m�f�g�Z���b�g�k�l�Z�e�Z�p�b�y�l�Z�����k�f�_�k���h�l���6�5�9�5�����b���+-
�2�L�O���9�7�%�������l�_�d�m�s�h���d�h�e�b�q�_�k�l�\�h���\���j�_�a�_�j�\�h�Z�j�Z�´���� 

�I�h���h�l�g�h�r�_�g�b�_���g�Z���b�k�l�b�g�g�h�k�l�g�b�l�_��
�k�l�h�c�g�h�k�l�b���g�Z���i�j�_�^�b�d�Z�l�b�l�_�:29,27 �b�: 29,28 �y�^�j�h�l�h��
�00 �k�_���j�Z�a�^�_�e�y���g�Z���^�\�_���b�e�b���l�j�b���y�^�j�Z���± �k�t�s�h�l�h��
�y�^�j�h���00 �i�j�h�^�t�e�`�Z�\�Z���^�Z���k�l�h�b���g�Z���f�y�k�l�h�l�h���k�b���O29 �k��
�]�h�j�_�k�i�h�f�_�g�Z�l�b�l�_���o�Z�j�Z�d�l�_�j�b�k�l�b�d�Z�����Z���y�^�j�Z�l�Z���01 
�b���02 �i�h�e�m�q�Z�\�Z�l���k�t�h�l�\�_�l�g�h���o�Z�j�Z�d�l�_�j�b�k�l�b�d�b�l�_����
�³�T22 �I�t�l�_�g���[�b�l�m�f�����f�Z�j�d�Z�������������´���\���f�y�k�l�h���O27, 
�d�t�^�_�l�h���T22 �•  [0,Q22�@�����³�T23 �I�t�l�_�g���[�b�l�m�f�����f�Z�j�d�Z��
�������������´���\���f�y�k�l�h���O28�����d�t�^�_�l�h���T23 �•  [0,Q23]. 

,�d�t�^�_�l�h�� 
W31,30 � �� �³�b�f�Z�� �i�h�j�t�q�d�Z�� �a�Z�� �d�h�l�_�e�g�h�� �]�h�j�b�\�h�� �k��

�����������6�´�� 
�Y�^�j�h�l�h�������h�l���f�y�k�l�h���O11 �b���y�^�j�h�l�h�������h�l���f�y�k�l�h l7 

�a�Z�_�f�Z�l�� �f�y�k�l�h��l31 �b�� �k�_�� �h�[�_�^�b�g�y�\�Z�l�� �k�� �y�^�j�h�l�h�� ��0, 

�d�Z�l�h���k�_���i�h�e�m�q�Z�\�Z�l���o�Z�j�Z�d�l�_�j�b�k�l�b�d�b�l�_�� �³�I�h�j�t�q�d�Z��
�a�Z���d�h�l�_�e�g�h���]�h�j�b�\�h���k�t�k���k�y�j�Z��0.5%, 

�L�_�d�m�s�h���d�h�e�b�q�_�k�l�\�h���\���j�_�a�_�j�\�h�Z�j�Z�´���� 
�D�h�]�Z�l�h�� �b�k�l�b�g�g�h�k�l�g�Z�l�Z�� �k�l�h�c�g�h�k�l�� �g�Z��

�i�j�_�^�b�d�Z�l�Z�� �:31,30 �_�� �\�y�j�g�Z�����y�^�j�h�l�h�� ��0 �k�_�� �j�Z�a�^�_�e�y��
�g�Z�� �^�\�_�� �y�^�j�Z��- �k�t�s�h�l�h�� �y�^�j�h�� ��0 �i�j�h�^�t�e�`�Z�\�Z�� �^�Z��
�k�l�h�b�� �g�Z�� �f�y�k�l�h�� �O31 �k�� �]�h�j�_�k�i�h�f�_�g�Z�l�Z�l�Z��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�Z���� �Z�� �y�^�j�h�l�h�� ��1 �i�h�e�m�q�Z�\�Z��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�b�l�_�� �³�T24 �I�h�j�t�q�d�Z�� �a�Z�� �d�h�l�_�e�g�h��
�]�h�j�b�\�h���k�t�k���k�y�j�Z���^�h�����������´���\���f�y�k�l�h���O30�����d�t�^�_�l�h���T24 
�•  ([0,Q24].  

, �d�t�^�_�l�h���� 
W33,32 � ���³�b�f�Z���i�h�j�t�q�d�Z���a�Z���d�h�l�_�e�g�h���]�h�j�b�\�h��

�k�t�k���k�y�j�Z���^�h�������´�� 
�Y�^�j�Z�l�Z�������h�l���f�_�k�l�Z���O12 �b���O13 �b���y�^�j�Z�l�Z���/���h�l��

�f�_�k�l�Z���O20, l21, l22 �a�Z�_�f�Z�l���f�y�k�l�h���O33 �b���k�_��
�h�[�_�^�b�g�y�\�Z�l���k���y�^�j�h����0�����d�Z�l�h���i�h�e�m�q�Z�\�Z�l��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�b�l�_�����³�D�h�l�_�e�g�h���]�h�j�b�\�h���k�t�k���k�y�j�Z��
�^�h���������������l�_�d�m�s�h���d�h�e�b�q�_�k�l�\�h���\���j�_�a�_�j�\�h�Z�j�Z�´�� 

�D�h�]�Z�l�h�� �b�k�l�b�g�g�h�k�l�g�Z�l�Z�� �k�l�h�c�g�h�k�l�� �g�Z��
�i�j�_�^�b�d�Z�l�Z���:33,32 �_���\�y�j�g�Z�����y�^�j�h�l�h����0 �k�_���j�Z�a�^�_�e�y��
�g�Z�� �^�\�_�� �y�^�j�Z���± �k�t�s�h�l�h�� �y�^�j�h�� ��0 �i�j �h�^�t�e�`�Z�\�Z�� �^�Z��
�k�l�h�b�� �g�Z�� �f�y�k�l�h�� �O33 �k�� �]�h�j�_�k�i�h�f�_�g�Z�l�Z�l�Z��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�Z���� �Z�� �y�^�j�h�l�h�� ��1 �i�h�e�m�q�Z�\�Z��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�b�l�_�����³�T25 �I�h�j�t�q�d�Z�� �a�Z�� �d�h�l�_�e�g�h��
�]�h�j�b�\�h���k�t�k���k�y�j�Z���^�h�����������´���\���f�y�k�l�h���O32�����d�t�^�_�l�h���T25 
�•  [0,Q25]. 

,�d�t�^�_�l�h�� 
W35,34 � ���³�b�f�Z���i�h�j�t�q�d�Z���a�Z���d�h�l�_�e�g�h���]�h�j�b�\�h��

�k�t�k���k�y�j�Z���^�h�����������´�� 
�Y�^�j�Z�l�Z�������h�l���f�_�k�l�Z���O14 �b���O15 �b���y�^�j�Z�l�Z���/���h�l��

�f�_�k�l�Z�l�Z���O23, l24, l25 �a�Z�_�f�Z�l���f�y�k�l�h���O35 �b���k�_��
�h�[�_�^�b�g�y�\�Z�l���k���y�^�j�h����0�����d�Z�l�h���k�_���i�h�e�m�q�Z�\�Z�l��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�b�l�_�����³�D�h�l�_�e�g�h���]�h�j�b�\�h���k�t�k���k�y�j�Z��
�^�h���������������l�_�d�m�s�h���d�h�e�b�q�_�k�l�\�h���\���j�_�a�_�j�\�h�Z�j�Z�´�� 

�D�h�]�Z�l�h�� �b�k�l�b�g�g�h�k�l�g�Z�l�Z�� �k�l�h�c�g�h�k�l�� �g�Z��
�i�j�_�^�b�d�Z�l�Z���:35,34 �_���\�y�j�g�Z�����y�^�j�h�l�h����0 �k�_���j�Z�a�^�_�e�y��
�g�Z�� �^�\�_�� �y�^�j�Z���± �k�t�s�h�l�h�� �y�^�j�h�� ��0 �i�j�h�^�t�e�`�Z�\�Z�� �^�Z��
�k�l�h�b�� �g�Z�� �f�y�k�l�h�� �O35 �k�� �]�h�j�_�k�i�h�f�_�g�Z�l�Z�l�Z��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�Z���� �Z�� �y�^�j�h�� ��1  �i�h�e�m�q�Z�\�Z��
�o�Z�j�Z�d�l�_�j�b�k�l�b�d�b�l�_�� �³�T26 �I�h�j�t�q�d�Z�� �a�Z�� �d�h�l�_�e�g�h��
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�]�h�j�b�\�h���k�t�k���k�y�j�Z���^�h�����������´���\���f�y�k�l�h���O42�����d�t�^�_�l�h���T26 
�•  [0,Q26].  

�K�o�_�f�Z�l�Z�� �a�Z�� �i�j�h�b�a�\�h�^�k�l�\�h�l�h�� �g�Z�� �l�_�`�d�b��
�g�_�n�l�h�i�j�h�^�m�d�l�b���� �f�h�^�_�e�b�j�Z�g�b�� �\�� �g�Z�k�l�h�y�s�Z�l�Z��
�k�l�Z�l�b�y���� �d�Z�d�l�h�� �b�� �a�g�Z�q�_�g�b�_�l�h�� �g�Z�� �b�a�i�h�e�a�\�Z�g�b�l�_��
�l�_�j�f�b�g�b�� �b�� �k�t�d�j�Z�s�_�g�b�y�� �k�Z�� �^�_�l�Z�c�e�g�h��
�i�j�_�^�k�l�Z�\�_�g�b���\���g�Z�r�Z�l�Z���i�h-�j�Z�g�g�Z���k�l�Z�l�b�y��[7]. 
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